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2010. (Chapter 2)

e Outline:

— AR models

— ARMA models

— Model buliding

— Nonstationarity and unit root testing
— ARFIMA models

— Seasonal ARMA models

— Others
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1. Linear time series models

1.1 Linear process

Definition 1 (Wold’s decomposition theorem (Fuller, 1996)). Any
covariance stationary time series {y;} has a linear process or infinite
order moving average representation of the form

Y — U + Zwkgt—lm wo — ]-7 sz < o0,
k=0 k=0

where ¢, is followed by the white noise process, i.e., ¢, ~ WN (0, 0?).

e The moving average weights are also called impulse responses since

Yy o DY+

= = Yg, S = 1,2,....
aEt_S 88t w
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e For a stationary and ergodic time series lim,_, . ©s = 0 and the long-
run cumulative impulse response > 1, < o©.

e A plot of ¢, against s is called the impulse response function (IRF).
In the Wold form, it can be shown that

e (1) Ely] = p;

® (2) vo = Var(ys) = 0”312 Vi

e (3) Vi = Cov(yt, yt—j) =0 Z;O:o YrWYryj;

0 VEV k4
e (4) p; = Z"“Z%iokwgﬂ.
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1.2 ARMA model

The general Wold form is handy for theoretical analysis but is not
practically useful for estimation purposes.

A very rich and practically useful class of stationary and ergodic
processes is the autoregressive-moving average (ARMA) class of
models made popular by Box and Jenkins (1976), which has the form

p q
yo— =) $i(y—g — 1)+t Y bie—j e~ WN(0,0%).
j=1

g=1

e Define (L) =1 —- L —--- —¢p,LPand (L) =1+ 6,L + --- + 6,LY, the
ARMA(p, q) model may be compactly expressed using /ag polynomials

¢(L)(ye — p) = 0(L)ey.
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e Similarly, the Wold representation in lag operator notation is
yr = p + Y(L)e,

Y(L) = L, ahp =1
k=0

where the lag polynomial (L) = % for the ARMA models.

e The ARMA(p, q) model is said to be causal, if the time series {y.} can be written
as a one-sided linear process:

Yo = p + Z Yier—; = p+ P(L)es,

J=0

where ¢ (L) = 372 ;L7 and 322 [4;] < oo; we set i = 1.
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2 Autoregressive Models

Definition 2 (Autoregressive (AR) Processes). If y; satisfies

Yt = C+ Q1yYr—1 + P2y + -+ PplYr_p + €4

where cis an intercept term, and the ¢, are coefficients. {¢;} is assumed
to be a white noise series with mean zero and variance o2, i.e., &; ~

WN(0,0%). The process of y; is called an autoregressive process of
order p, denoted by AR(p).

e In lag operator notation. Let (L) =1— ¢ L —--- — ¢, L7, then

¢(L)ys = c +et.
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2.1 AR(1) Model

The stationary AR(1) process is given as

Yt = C+ P1Yr—1 + &y, (1)

where ¢, ~ WN(0,0%) and |¢;| < 1, an intercept c is included to
describe a nonzero mean of y;.

e Stationarity: necessary and sufficient condition |¢,| < 1. Why?

e Mean: taking expectations,

C

Ely] = c+ ¢1E[yi1] + Eley] = p= 1 — o

e Mean corrected AR(1) model:

yr — = d1(ye—1 — p) + &4.
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e MA representation or Wold representation: by repeated substitution
Yt — 1=t + P16¢—1 + ¢%5t—2 + = Z ¢i€t—i- (3)
1=0

— This implies that y, 1 and ; are uncorrelated, i.e., Cov((y:—1 — ), €¢) = 0.
— The IRF decay at a geometric rate.

e Variance: the variance of this series is

2
o
Var(y;) = qb?Var(yt_l) + 0 = Var(y) =~ = 05 =7 5
— P1

e Autocorrelations:

2
o

1 — ¢?’

p; = p1pj_1 = ¢, forj=1,2,...,(See Figure[i)

Yo = ’}/jngl’}/j_l, forj: 1,2,...,,
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ACF of AR(1) with @=(0.3) ACF of AR(1) with ¢=(0.7)
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Figure 1 The ACF of AR(1) model.
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e This stationary series {y;} exhibits mean-reverting behavior. Let z; = y; — p,

Ayy=c+ (1 — Dys—1 +e¢ = Az = (1 — 1)zi—1 + &y,

E[Azt|It_1] < 0, if Zi—1 > O,
E[Azt|ft_1] > O, if Zro1 < 0.
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AR(1) Model with ¢; =1
Consider again the AR(1) process. Rewrite it by recursive substitution as
t—1 . t—1 '
Yy = d1y0 + Z ¢ic+ Z PrEt—is (4)
1=0 1=0
from which it follows that E[y:] = ¢tyo + 31—, ¢'c.

o If 1 > 1, y; is explosive, in the sense that y, diverges to +oc.

e When ¢; = 1 and assuming ¢ = 0, (4) can be rewritten as the RW process

t—1 t
yt:yo+25t—i:y0‘|‘zei- (5)

1=0 1=1
From this expression it follows that vo: = E[(y: — y0)2] — to? and in general

Vit = El(yr — y0)(ye—j — yo)] = (¢ — j)o” and p;; = (t — j)/t forall k > 0.
See the lower right panel of Figure [1]

e Similarly, when ¢y = —1, it is not covariance stationarity.
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2.2 AR(2) Model

The AR(2) process is given by

Yt = C+ P1Ys—1 + P2Yi—2 + &, (6)

where ¢, ~ WN(0, 0?).

e Mean (given stationarity): u = c , provided that ¢; + ¢ # 1.

11— ¢1— ¢

e Mean corrected AR(2) model: Using ¢ = (1 — ¢1 — ¢2) 1, we can rewrite the AR(2)
model as

Yy — 1= d1(ye—1 — p) + P2(yr—2 — 1) + &

e Moment equation: v; = ¢17v;-1 + ¢2vj—2 for 5 > 0. What is about j = 07

e ACF:po =1, p1 = ¢1/(1 — ¢2),and p; = ¢p1pj—1 + ¢p2pj—2 for j > 1.
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e Yule-Walker equation: p; = ¢1 + ¢2p1 and ps = ¢d1p1 + @2, Or equivalently,

pi|l |1 pi| [&
P2 P1 1 D2
e MA representation
C
Yt — + &+ + ¢1€t—1 + ¢25t—2 —+ ¢35t_3 + ..
1 — &1 — ¢
where 1 4+ ¢ L + o L% + - - - = 1 How to calculate ;?

1—¢1L—¢oL?’

e Second-order difference equation: p; — ¢1pj—1 — ¢2pj—2 = 0, denoted by (1 —
$1B — $2B*)p; = 0, where B is the back-shift operator such that Bp; = p;_1.

e Second-order polynomial equation: ¢(z) = 1 — ¢12z — ¢a2° = 0.

b1 £ /B3 + 462
—2¢,

— The solutions of p(z) = 1 — P12 — ¢o2° = 0 are wy o =
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— In the time series literature, inverses of the two solutions are referred to as the
characteristic roots of the AR(2) model. If denote A\; and X\, the inverse of w;

and w- respectively, then
(1—¢1B—¢2B*)p; = (1= MB)(1—XeB)p; = (1—w; B)(1—w, B)p;.

— The ACF is then a mixture of two exponential decays as the general solution of
(1 — ¢1 B — ¢2B?)p; = 0 has the following form:

P; = ClA{ -+ CQ)\‘;.

where c; and ce are unknown parameters depending on the initial conditions.
— Consider the following two cases:
1. If both roots (A; 2 or wy 2) are real, then the ACF of AR(2) is a mixture of two
exponential decay.
2. If the roots are a complex conjugate pair, i.e. qﬁf + 4¢, < 0, then ACF would
show a picture of damping sine and cosine waves; such roots usually give rise
to the behavior of business cycles.
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ACF of AR(2) with ¢= (0.7, 0.2) ACF of AR(2) with ¢ = (1.5, -0.75)
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Figure 2 The ACF of AR(2) model.

— For an AR(2) model with a pair of complex characteristic roots, the average
length of the stochastic cycle is

27
cosHp1/(2vV —2)]

Ty =

where the cosine inverse is stated in radians (9% %.).
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e Stationarity condition: all roots of ¢(z) = 0 lie outside the unit circle.

e Consider the AR(2) process

(1= 1L — L) (e — p) = (1 = ML)(1 — ALY (g — ) = &t

This needs an expansion of (1 — A1 L) (1 — Ao L)~ *. Assuming that A; # )Xo, we
have

1 B 1 ( Ao A1 )
(]. — )\12)(1 — )\22’) - )\2 — )\1 1 — )\22 1 — )\12 .

1.1f [A1] < 1 and |X\2| < 1 (stationary condition), the expansion is

1 1 o0 o > :
— Ao Az — A\ ) 27
(1 — )\12)(1 — )\22) >\2 - >\1 jzo ? JZO '

which leads to the causal solution

yr = b + —— V. )\1 Z()\JH — Ne,
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2. If |A1] > 1 and |X2] < 1, the expansion is

1

(1 —XA2)(1 — A22)

BBy i ¥ {1 —)\2>\2,z - (Alz)[()\i\;)—l - 1]}

1

bYW AQZ/\%MF;; Z,\ P

7=0

which leads to the non-causal solution

Yt = B +

j+1
)\2_)\1 ZA Et— ]-I-Z)\ Et4144
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Example 1. Assume the AR(2) process is

yr = 0.6y,—1 + 0.2y, 2 +&; or (1—0.6L—0.2L%)y, =

We first solve the polynomial

and get two roots z; = 1.2926 and 25 =
— Z—12 = —0.24. So we can factorize the lag polynomial to be:

0.84 and \o

(1—0.6L —0.2L%)y; =

22 4+32-5=0,

= gy, = (1—0.84L)

1

~ 2024—084

(1 —0.84L)(1 4 0.24L)y;
“1(1+0.24L0)71

i —0.24)7 1!

| =0

—4.1925. Recall that )\,

Et

— 0.847 e,

—J
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Example 2. For a fitted AR(2) model to one monthly data series denoted
by

yr — 1.3512y; 1 4+ 0.4612y;_o = 4.
Clearly, ¢ + 4¢o = 1.3512%2 — 4 x 0.4612 = —0.0191 < 0, which implies
the existence of stochastic cycles.

The average length of the stochastic cycles for this AR(2) model is
approximately

27

0= s o /2y =da)]

— 61.71 months,

which is about 5 years.
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2.3 AR(p) Model

The AR(p) process is
(1= ¢1L—-— ¢, LP)ys = c+ey, e~ WN(,0c%).

e Stationary condition: It can be shown that the AR(p) is stationary and ergodic
provided the roots of the p-order polynomial equation

1 —¢rz—-+—¢pz2" =0, or (1 —qa12z) (1 —apz)=0 (7)

lie outside the complex unit circle (have modulus greater than one).

— A necessary condition for stationarity that is useful in practice is that |1 + - - - +

opl < 1.
— When the largest of the «;s is equal to 1, i.e., z = 1, we say that the AR(p)

process has a unit root.
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e Unconditional mean (given stationarity): © = ¢/(1 — ¢1 — --- — ¢,) and thus
d(L)(yr — 1) = &

e Autocovariance function: For simplicity, assume that ¢ = u = 0. Then,
multiplying both sides of the AR model by y:_;, and taking expectation, we have

El(y: — ¢1yi—1 — =+ - — OpYi—p)Yi—j]| = E(yi—jes).

Therefore we have

o, forj =0;

Vi = P1Vj-1 = = PpYip =
! ! s 0, forj > 0.

e Autocorrelation function: From autocovariance function, we have

2

‘;—, for 3 = 0;
Pi = P1Pi=1 = = GpPip = 4

for 5 > 0.
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The ACF of a stationary AR(p) model would show a mixture of damping sine
and cosine patterns and exponential decays depending on the nature of its
characteristic roots. See Figure [2].

e Yule-Walker equation: Consider the above equations jointly for 5 = 1,2,..., p,
we have the p-order Yule-Walker equation

P1 1 P1 P2 P2—p  Pi—p| |P1
p2| | m 1 p1 c P3—p  P2—p| | P2
| Pp | | Pp—1  Pp-2  Pp-3 - P1 1 i _Cbp_

e MA representation: The AR model can be written as the MA(oco) representation

yt_M_Qb(L) _szgt 3

1=0
where the ;s are referred to as the -weight of the model and also called the
impulse response function. The -weights can be obtained as follows:
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=14 1L+ o L” + ¢p3L” 4 - --

¢(L)
1=(1—¢1L—-—¢pL")(1+ 1L+ poL" + - - -)
Y1 = ¢
Yo = P11 + P2

Y3 = P12 + P21P1 + @3

Vp = Q1Yp—1 + P29p_2 + -+ - + Qp_191 + @Pp
p

Y = Z ¢, forj > p.
i=1

Again, the v-weights satisfying the difference equation ¢(L)v; = 0 for 5 > p, so
that they also decay exponentially to zero as 5 goes to infinity.
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_ IRF of AR(L) with @ = (0.5) ~ IRF of AR(L) with @ = (0.9)
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Figure 3 Impulse response functions for AR processes with different lags
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2.4 Identifying AR Models in Practice — Order determination

(1) Partial Autocorrelation Function

Definition 3. The partial autocorrelation function (PACF) is defined by
the following conditional correlation

Py = ¢kk — COI‘I'(yt, yt+k\yt+1, e ayt+k—1)-

This definition is equivalent to say that
Py = corr(ys — E(Yt|Yta1y -« Ytak—1), Ytk — E(Ytar|Yts1s - Ytrk—1))
= corr(Ys — Ut, Ytrk — Yt+k)-

On linear regression theory, y; and g, are the best linear estimates of
y; and y;1 1 (respectively) based on the values of y;11, ..., yr1 k1.
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Computing the PACF

According to the above definitions, the partial autocorrelation coefficient
of order k is computed as the plim of the least squares estimator of the
coefficient ¢y In

Yt = Qp1Yt—1 + - + ¢kk Yt—k T €t (9)

.ol

where y; IS assumed to be zero mean.

How to estimate ¢.,.? The OLS estimator is not suitable.
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Multiplying both sides of Eq. (9) by v:—, (j > 0), and taking expectation,
we can get

Vi — Pr1Vj—1 — Pr2Vj—2 — **+ — PrkVj—k = 0.
Consider the above (moment) equations jointly for j = 1,2,...,k, we
have o ) o
2! "o Y1 Ye—1]| | Pk1
Yol | M Yoot Yk—2| | k2
Tk V-1 Vk—2 0 Y0 | [Pkk]

Or in reduced form
Y. = L'oy.
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Similarly, we can replace all vs with ps, the corresponding result is

P1 P0o P1 cee Pk—1 Prk1
P2 P1 Po " Pk-2 Pr2
| Pk | | Pr-1 Pr—2 - po | | Pk

By the Cramer rule, we have

Po P1 T Pk—2  P1
det P1 Po o Pk—3 P2
Pk—1  Pk-2 P1 Pk
Prk = — =
Po P1 o Pk—2  Pk—1
det P1 Po “cr Pk—3  Pk-—2
| Pk—1  Pk-2 """ P1 Po
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Figure 4 The PACF of AR(p) model.
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Levinson-Durbin Algorithm*

A recursive way of computing the regression coefficients in equation
(9) from the autocorrelation function was given by Levinson (1947) and
Durbin (1960).

The Durbin-Levinson algorithm updates the coefficients the from k£ — 1st
order model to those of the kth order model as follows:

k—1
Pk = 2 =1 Pk—1,jPk—;
k—1
1 =2 i1 Pk—1,P;

Pkj = Ohk—1,j — Pk Ph—1,k—; (11)

Prr = (10)

forj=1,...,k—1.

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 31



Sample PACF

e Suppose we have observed a time series y1,...,yn;
e We can use series to estimate v, . .., v, _1 using standard estimators
Y05 - -+ s Yn—1-

e We can plug these into I' and ~;, to obtain estimators

Y0 Y1 V=1 Y1
f _ Y1 Y0 Tt V=2 and 4, = 2
Ye—1 k-2 - Yo | Vi |

e Since I' is positive definite, we have ¢, = I'"'4;, where the last
element of ¢, is dxk, which defines sample SPACF.
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PACF for AR(p) Processes

e PACF is a useful tool to help identify the AR(p) model.

e Ramsey (1974): if ¢, , # 0 and ¢, ; = 0 for j > p for any Gaussian
process, it is necessarily an AR(p) process.

e Its asympotic distribution is \/ndys L N(0,1).

e Comparing gbkk to +1.96/1/n and decide if gbkk is preferable.
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Figure 5 The PACF of US real GDP growth rate (1947Q1-2014Q1).
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Figure 6 The PACF of weekly market share data of Crest toothpaste (January 1958 - April 1963) (with logit transformation).
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(2) Information Criteria or Model Selection Criteria

The idea is to fit all AR(p) models with orders p < pmax and choose the
values of p which minimizes some model selection criteria.

Model selection criteria for AR(p) models under Gaussian assumption
have the form

MSC(p) = In(6%(p)) + ¢z - ¥(p),

e 5°(p) is the least square (LS) estimation of Var(e;) = o2 without a degrees of
freedom correction from the AR(p) model

e cr is a sequence indexed by the sample size T

e i(p) is a penalty function which penalizes large AR(p) models.
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The two most common information criteria are the Akaike (AIC) and
Schwarz-Bayesian (BIC): (Akaike, 1973; Schwarz, 1978)

AIC(p) = 1n(52(p))+2?p,
BIC() = In(a*(p)) + Lo

e The BIC estimates the order consistently under fairly general
conditions if the true orders p are less than or equal t0 P ax.

e The AIC criterion asymptotically overestimates the order, since the
penalty term is smaller for AlIC than BIC (2 < Inn).
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Example 3. Consider the monthly simple returns of CRSP value-weighted index
from January 1926 to December 2008, with T' = 996 observations. The following
table gives the first 12 lags of sample PACF and information criteria of the series.

P 1 2 3 4 ) 6
PACF 0.115 —0.030 —0.102 0.033 0.062 —0.050
AIC —5.838 —5.837 —5.846 —5.845 —5.847 —5.847
BIC —5.833 —5.827 —5.831 —5.825 —5.822 —5.818
D 7 8 9 10 11 12
PACF 0.031 0.052 0.063 0.005 —0.005 0.011
AIC —5.846 —5.847 —5.849 —5.847 —5.845 —5.843
BIC —5.812 —5.807 —5.805 —5.798 —5.791 —5.784

e PACF order determination:

— With T = 996, the asymptotic standard error of the sample PACF is 0.032.
— p = 3 or 9 using the 5% significant level; p = 3 using the 1% significant level.
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e The AIC values are close to each other with minimum —5.849 occurring at p = 9,
suggesting that an AR(9) model is preferred.

e The BIC attains its minimum value —5.833 at p = 1 with —5.831 as a close second
at p = 3. Thus, the BIC selects an AR(1) model for the value-weighted return
series.

e Different methods yield different choice of p. Generally speaking, we will employ
residual checking for further model modification.
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2.5 Parameter Estimation: ¢, ¢1,...,¢,,o?
(1) Yule-Walker estimator

For the AR(p), the first p + 1 equations of lead to the following

7j=¢17j—1+"'+¢j7j—297 7=1,...,p (12)

02:70_¢171_"'_¢p7p- (13)

In matrix notation, the Yule-Walker equations are
Fp¢ = Vp>s o’ = Yo — ¢/7p7 (14)

where T'), = {yx—;}7 ,_, IS @p x p matrix, ¢ = (¢1,...,¢,) isapx1
vector, and v, = (v1,--.,7) IS @ p x 1 vector.
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Using the method of moments, we solve
¢ =T,"9, 6% =% —,0, 3 (15)
These estimators are typically called the Yule-Walker estimators.

For calculation purposes, the YW estimates with sample ACF are

b=R; 5y 6% =40 |1 R 5y (16)

A

where R, = {ji_ i}ik—1 I8 @px pmatrix, and p, = (p1,...,pp)" is @
p x 1 vector.

If the sample size is large

Vild —¢) 2 N(0,0°T; ), 62502 (17)
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(2) Maximum likelihood estimator
AR(1) model

Let

Yi = p+ ¢(ye—1 — 1) + &,
where |¢| < 1 and &; ~ iidN (0, o?).

Given the data vy, . . ., y,,, we seek the likelihood

L(,LL, ¢7 0-2) — f(y17 s 73/7%’:“7 ¢7 02)'

In the case of an AR(1), we may write the likelihood as

n

L(p, ¢,0%) = f(y1) f(yalyr) -+ f Wnlyn—1) = Fu) | ] Fwelyen).

t=2
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Since yilyt—1 ~ N(p + ¢(ye—1 — p),0%), we have

1 _[yt—,u—(b(yt_1 —w)?
) = =—sexp { 4 3

To find f(y1), we can use the causal representation

y1=p+ Y derj~N(u,o/(1-¢?))
i=0

Finally, for an AR(1), the likelihood is

L 0.0%) = (2n0%) 21— ) e {2022 1y

202

with the unconditional sum of squares S(u,®) = (1 — ¢*)(y1 — pu)? +
D imolyt — = A(ye—1 — w)]?.
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Taking the first-order condition (FOC), the MLE of o2 is

6% =n"'S(n,9), (19)
where i and ¢ are the MLEs of x and ¢, respectively.

e If we replace n by n — 2, we would obtain the unconditional least
estimate of 0. (The LS estimation of 1 and ¢ is by minimizing S(u, ¢))

o If we take logs, replace o2 by 62 in (19), and ignore constants, /i and
q3 are the values that minimize the criterion function

[(1,¢) = log[n™"S(u, ¢)] — n~ "log(1l — ¢%)

that is, I(u,¢) o< —2log L(u,¢,6%). This criterion function is
sometimes called the profile or concentrated likelihood.
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e If dropping the term in the likelihood that causes the nonlinearity,
(here the first term of ¢ in S(u, ¢)), the conditional likelihood becomes

L(p, ¢, 0%|y1) = (2mo?) ="~/ 2 exp {—SC(M’ ¢)} ,

202

where the conditional sum of square is
n

Se(ps @) =Y [(ye — 1) — g1 — p)]*.

t=2

The conditional MLE of o2 is

A

5-2 — Sc(ﬂ) ¢)/(n o 1)7

and /i and ¢ are the values that minimize S.(u, ¢).
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e Conditional least square.

— Let o = u(1 — ¢), the conditional sum of squares can be written as

Se(ps ) = > [y — (o + dy—1)]”.

The problem is now the linear regression problem.

— Following the results from least square estimation (LS), we have & = o) —
$Y(1y, where gy = (n — 1) 310wy, and gzy = (n — 1) X211, i, and
the conditional estimates are then

Y2) — fﬁﬁ(l) b — > io(ye — U2) (Wi—1 — F1))
1 —¢ Yoo (-1 — F(1))?

i = (20)
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AR(p) model

For general AR(p) models, maximum likelihood estimation, unconditional
least squares, and conditional least squares follow analogously to the
AR(1) example.

A more detailed introduction of the maximum likelihood estimator for
the AR(p) model can be found in the textbook “Time Series Analysis” by
Hamilton (1994).
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2.6 Model Checking
(1) Residual autocorrelation

Three common methods are used to test for residual autocorrelation.

1. Sample ACF of the residuals, given by

)DARR-N-A
ri(€) = ==2F ~ N(0,1/n), (21)
> £
t=k+1 <t

2. Joint significance of the first m residual autocorrelations. The test-
statistic developed by Ljung and Box (1978), given by

LB(m) =T(T + 2) Z 2(8) ~ x*(m — p). (22)
k=1

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 48



(2) Homoscedasticity

Neglecting heteroscedasticity of the residuals leads to

e ordinary t-statistics cannot be used.
e many diagnostic tests, such as tests for nonlinearity, are affected.

e confidence intervals for forecasts can no longer be computed in the
usual manner.

Heteroscedasticity-consistent ¢-statistic: Davidson and MacKinnon
(1985) and Wooldridge (1990, 1991). In standard statistical or
econometric software, it provides heteroscedasticity-consistent t-
statistic for parameter estimates.
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Portmanteau test statistic on (standardized) squared residuals
developed by MclLeod and Li (1983):

McL(m) = T(T + 2 f: 2(87). (23)
k=1

When applied to the residuals from an ARMA(p, q) model, the McL test
has an asymptotic x?(m — p — q) distribution, again provided that m /T
is small and m is moderately large.

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 50



(3) Normality

Defining the j-th moment of the estimated (standardized) residuals as

T

1 )
S 2]
mj = f Z €%
t=1
the skewness and kurtosis of £; can be calculated as
SK:;=——, and K= —.
ms my

Under the null hypothesis of normality, /7/6 - SK: ~ N(0,1) and
JT/24 - (K: —3) ~ N(0,1).
A joint test for normality (Jarque and Bera, 1987) is then given by

T —2 T -
JB — 551(2 oo (Re = 3) ~ x2(2). (24)
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2.7 Forecasting

Our goal is to predict future values of a time series, y;.n, h = 1,2,...,
based on the data collected to the present, I; = {vy:, y¢+—1,.. -}

Let y.,p) denote a forecast of y;,, made at time ¢, which has an
associated forecast error or prediction error e, p)s,

Et+h|t = Yt+h — Yt+h|t:

Obviously, many different forecasts y,, . exists. The optimal forecast
Y:+n |+ Which minimizes the mean squared error of the forecast,

MSE(€t+h|t) = E[5§+h|t] = E(Yt+n — yt+h|t)2]-
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Theorem 1. The minimum MSE forecast (best forecast) of y;., based
onl, is
Yt+hlt = Elyin| 1] (25)

Proof.

El(ern = yesne)’) = B { Ween — B@ernlLe) + B(yernl 1) = v }

= E{lyion — Bl 101} + 2B {{yern — Byl IDIE el 1) = yegn]}
+E {[E(yt—l-hut) —~ yt+h|t]2}

—F {[th — E(yt+h|lt)]2} + E {[E(yt+hllt) - yt+h|t]2}

Taking the minimization with different values of v, ;, we have

Ysvnit = E(yeinl1t).

Thus, the minimum MSE is E[(yt+h — Ytrnit)”] = E[(Yeen — E(yern|1:))?]. u
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Forecasting AR(p) model

e 1-Step-Ahead Forecast: From the AR(p) model, we have

Yir1 = C+ drye + o+ GpYiti—p + €041, e~ [I1D(0,07%).

— Under the MSE loss function, the point forecast of y;1 given I; is

Yer1)t = Elyir1|le] = c+ drye + - - - + dpYir1-p,

— The 1-step-ahead forecast error is

Et+11t — Yt+1 — Yt+1|t — Et+1-

— The variance of 71-step-ahead forecast erroris Var[e, ;] = Var(e¢41) = o2,
— If at is normally distributed, then a 95% 1-step-ahead interval forecast of y; 1 is
Yt41]t + 1.960.
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e 2-Step-Ahead Forecast: From the AR(p) model, we have

Yir2 = C+ P1Yip1 + -+ + OpYir2—p + Erg2. (26)

— Taking conditional expectation, we have

Yeropt = Elyiio|ls] = ¢+ Gr1yppipe + P2ye + - - - + dpYir2—p, (27)

— The associated forecast error

Et421t = Yt+2 — Yi421t — d1(Ye+1 — yt+1|t) + €142 = €142 + P1E141-

— The variance of the forecast error is Var[e; o] = (1 + ¢7)o”.
— If &; is normally distributed, then a 95% 1-step-ahead interval forecast of y; is

Y421t + 1.960’\/ 1+ qb%

— It is interesting to see that Var[e, o] > Var[e;11;], meaning that as the

forecast horizon increases the uncertainty in forecast also increases.
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e Multistep-Ahead Forecast: In general, we have

Yith = C+ P1Yt4h—1 + -+ + ¢pyt+h—p + €t4h- (28)

— Taking conditional expectation, we have
p
Yirnit = Elyenl ] = ¢ + Z PiYtth—ift (29)
=1

where y,, .+ = yi4¢ if £ < 0. This forecast can be computed recursively using
forecasts y; ;. fori =1,..., h — 1.
— The h-step-ahead forecast error is

€t4+h|t — Yt+h — Yt+ht-

— The forecasting interval is not straightforward for the AR(p) model. We will use
the method similar to that of the ARMA model.
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Example 4 (Forecasting CRSP returns, see pages 56-57 in Tsay's
textbook). The fitted AR(3) model is

re = 0.0098 + 0.10247r;_; — 0.02017r;_2 — 0.10907:_3 + ay,

where 62 = 0.054.

e Forecast origin is t = 984, which is December 2007.

e Forecasts are denoted by “o” and actual observations by “e”.

e Two dashed lines denote two standard error limits of the forecasts.
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Figure 7 Plot of 1- to 12-step-ahead out-of-sample forecasts for monthly simple returns of CRSP value-weighted index.
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Example 5 (Forecasting the U.S. growth rate, see Figure |8).

4- -
- | — Forecasts —— DLGDP I
2 T
o
2- | |
‘ Il Il Il ‘ Il Il Il ‘ Il Il Il ‘ ‘
2007 2008 2009 2010 2011
4- o
- | —— Forecasts —— DLGDP| - T 7
ol
A
2ok
‘ Il Il Il ‘ Il Il Il ‘ Il Il Il ‘ ‘
2009 2010 2011 2012 2013

Figure 8 Forecasting US GDP growth with 8 periods.
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3. Autoregressive Moving-Average (MA) Models

3.1 Moving average (MA) models
MA(1) model

The MA(1) model has the form

Y =Cc+ ey + 01, €4~ WN(O,O‘Z).
e Invertibility condition: |6| < 1.
e Mean: Ely;| = p = c.

e Autocovariance function: vy = o%(1 + 62), 1 = 020, v; = 0 for j > 1.
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/

1, for j = 0;
e Autocorrelation function: p;, = ¢ 6/(1 + 6?%), forj =1;

0, for 7 > 1.

\

e The ACF of an MA(1) process cuts off at lag one, and the maximum
value of this correlation is £0.5.

e There is an identification problem with the MA(1) model since § = 1/6
produce the same value of p;.

e In the invertible MA(1), the error term ¢; has an infinite order AR
representation (let 6* = —6)

oo

o= (ye— 1) + 0" (1 — 1) + 0 (a2 — ) + - = Y _ 07 (yr—j — ).

i=0
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e PACF of MA(1): Generally, it is possible to show

—(=0)*(1 - 6?)
1 — g2(k+1)

P, = for k > 1.
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ACF of MA(L) with 8 = (0.5) ~ PACF of MA(1) with 8 = (0.5)
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Figure 9 The ACF and PACF of MA(1) model.
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MA(¢) model

The MA(q) model has the form
yr=c+er+0ie1+ - +0E1—g, e~ WN(0,0%).

e Stationarity: Finite order MA models provided 64, . . ., 6, are finite are
stationary.

e Mean: The constant term c is the mean of the process, i.e., u = c.

e Invertibility(necessary and sufficient condition): It is invertible if all of
the roots of the MA characteristic polynomial 6(z) = 1 + 612z + --- +
0,29 = 0 lie outside the complex unit circle.
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e Autocovariance function: Again for simplicity, assume n = 0.

( .
o*(L+607+---+67) forj=0,
V=1 02310 0:6iy, forj=1,....q,
\ 0 for j > ¢,
where 6, = 1.

e Autocorrelation function: p, = % Again, from the autocovariance
function we have

#0, forj=0,...,q;
Pj =
’ 0, for 7 > q.

In other words, the ACF of an MA(q) is non-zero up to lag ¢ and is zero
afterwards. This is a special feature of MA processes and it provides
a convenient way to identify an MA model in practice.

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 65



ACF of MA(2) with 8 = (0.5, -0.3) PACF of MA(2) with 8 = (0.5, -0.3)
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Figure 10 The ACF and PACF of MA(q) model.
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3.2 Mixed ARMA Processes

ARMA(1,1) model

The ARMA(1,1) model is defined by

Yt = C+ QYr—1 + ¢ + Oci_1.

e Stationarity condition: |¢| < 1.

e Invertibility condition: |6| < 1.

e Mean: u = 1f¢.
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o ACF: Multiplying the model by y,_; and taking expectation yields:

[ [140(6+ )]0 if j=0;
v — @vi—1 =14 002, if j =1;
0, if 7 >1,

\

by employing the fact that E(c;y;) = Elei(dyi—1 + ¢ + 0e4_1)] = o2
and E(g;_1y;) = Elet—1(pys—1 + et +0e4_1)] = ¢po? +00° = (¢ + 0)0>.

— Solving the first two equations produces

14200467 ,
and using the last recursively shows
1+6 0) .
’Yj:( +1qi)(¢¢2+ )<b=7_102 for j > 1.
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— The autocorrelation function (ACF) can then be computed as

(1+6¢)(¢+9)

PI= "1 206 1 62 o forj >,

— The pattern here is similar to that for AR(1) model, except for the
first term.
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Figure 11 The ACF and PACF of ARMA(1, 1) model.
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ARMA(p, ¢) model
The regression formulation of the ARMA(p, ¢) model is
Yt =C+ Y1+ -+ Splr—p et + 01601 + -+ + Oe4—g,
and its lag operator notation is
¢(L)y: = c+ 0(L)e,

where (L) =1 —-¢p1L —--- —¢pp,LPand (L) =1+ 64LL + --- + 6,L".
It is assumed that the polynomials ¢(L) and (L) do not have common
factors.

Again, for a stationary process, we can rewrite the model as

(L) (ye — i) = O(L)e.
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The Properties of ARMA model can be summarized as follows:

e Stationarity: The ARMA process is stationary if and only if all roots
of the AR characteristic polynomial ¢(z) =1 —¢12 —--- — ¢pp2P =0 lie
outside the complex unit circle.

e Invertibility: All roots of the MA characteristic polynomial §(z) =1 +
01z + -+ 0,27 = 0 lie outside the unit circle.

©-

L
7. The

0
m-weight 7; can be obtained by equating the coefficients of L in

m(L)B(L) = ¢(L).

* AR representation: w(L)y; = 505 + &, where n(L) =

N

e MA representation: y; = ;& + ¢ (L)er, where (L) = F75
the v-weight can be obtained by equating the coefficients.
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e Moments: (Assume stationarity)

C
— Mean: ;= :
=01 - =0 |
— Autocovariance function: (Assume u = 0) Using the result
(
o2, for j = 0;
E(yer—j) = § 0, forj > 0;
\ 0, for 5 < 0.

and the same technique as before, we have

(L4 6191 + -+ 0,002, for j = 0;
’Vj_(bl'yj—l_‘ ) ‘—pr'yj—p = < (9] + 9j.|_1?,b1 + -4 quq_j)a2, forj =1,...
| 0, forj > gq,

where ¢y =1 and 6; = 0 for j > q.
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— Autocorrelation function: the correlation coefficient p, satisfies
that
pj— P1pj—1 — - — Qppj—p =0, forj>gq,
then the ACF satisfy the difference equation ¢(L)p; = 0 for j > ¢
with p1, ..., p, as initial conditions.
— Generalized Yule-Walker equation: Consider the above
equations of ACF for j = ¢+ 1,9+ 2,...,q9 + p, we have

Pq+1 Pq Pq-1 Pgr2—p Pgtri-p| |P1
Pa+2| _ | Pg+1 Pq ot Pg+3—p Pg+2—p| |P2
| Pa+p_ | Pg+p—1  Pg+p—-2 **°  Pg+l Pe | L9p

which is referred to as a p-order generalized Yule-Walker equation
for the ARMA(p, ¢q) process. It can be used to solve for ¢;’s give p;’s.
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Figure 12 The ACF and PACF of ARMA(p, q) model.
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3.3 Identifying ARMA Models
(1) Extended ACF (EACF) — Tsay and Tiao (1984, JASA).

Consider the ARMA(p, ¢) model given by
(1—¢p1L—---— ¢, L") (ye — pp) =w = (1+61L+---+60,L%ey

Its basic idea is based on the ‘generalized” Yule-Walker equation.
Conceptually, it involves two steps:

e In the first step, we attempt to obtain consistent estimates of AR
coefficients. Given such estimates, we can transform the ARMA
series into a pure MA process.

e The second step then uses the sample ACF of the transformed MA
process to identify the MA order g.
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Again,

(11— L—---—, L) yp — ) i=we = 1+6L+---+6,L%)ey

The generalized Yule-Walker equation is that,

Pq+1 Pq Pqg—1 Pqg+2—p Pqg+l1—p o1
Pat+2| | Pg+1 Pq Pg+3—p Pgt+2—p| | P2
| Pq+p | | Pg+p—1  Pg+p-—2 Pq+1 Pq _¢p_
Pg+2 Pg+1 Pq Pg+3—p Pg+2—p| | P1
Pg+3 | _ |Pq+2  Pg+1 Pg+i—p Pa+3—p| |P2
| Pq+p+1 | | Pg+p Pqg+p—1 Pq+2 Pq+1 | _pr_
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To make use of the EACF for model specification, we consider the two-
way table:

AR MA (or q)

p 0 1 2 3 4
0 P1 P2 P3 P4 P5
1 P11 P1,2 P1,3 P1,4 P1,5

2 P2.1 P22 P23 P2.4 P25

3 P3,1 P3.2 P3.,3 P3.4 P3,5
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Suppose that z; is an ARMA(1,1) model, then the EACF table is

AR MA (or q)
P 0 1 2 3 4 )
X X X X X X
1 X O O O O O
2 * X O O O O
3 * * X O O O
4 * * * X O O

where “X” and “O” denote non-zero and zero quantities, respectively, “*” represents a
quantity which can assume any value between —1 and 1.

In practice, the EACF is replaced by its sample EACF.

This sample EACF can be run with R, see the link: http://www.

inside—-r.org/packages/cran/TSA/docs/eact
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Table 1 Sample EACF for logarithmic S&P 500 realized volatility

EACF table
p\q 0 1 2 3 4 5 6 7
0 0.785 0.759 0.730 0.718 0.703 0.684 0.667 0.663
1 —0.437 0.009 —0.037 0.006 0.010 —0.003 —0.026 0.006
2 —0.423 —0.124 —0.041 0.013 0.015 —0.002 —0.032 0.010
3 —0.493 —0.150 —0.189 0.003 —0.007 0.002 —0.025 —0.017
4 —0.473 —0.179 —0.174 —0.007 —0.011 —0.007 —0.010 —0.012
5 —0.431 —0.285 —0.101 —0.049 0.220 0.008 —0.012 —0.004
6 —0.465 0.066 —0.161 —0.162 0.163 0.117 —0.013 —0.005
Simplified EACF table: X denotes significance, O denotes insignificance
g\ p 0 1 2 3 4 5 6 7
0 X X X X X X X X
1 X @) X O O O O O
2 X X X O O O O @)
3 X X X O O O O O
4 X X X O O O O O
5 X X X X X O O )
6 X X X X X X @ )
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(2) Information criteria

The information criteria discussed earlier can also be used to select
ARMA(p, g) models.

Typically, for some prespecified positive integers P and (), one
computes AIC (or BIC) for ARMA(p, gq) models, where 0 < p < P and
0 < ¢ < @, and selects the model that gives the minimum AIC (or BIC).
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3.4 Estimation methods
(1) Maximum Likelihood Estimation (MLE)

Letﬁ:(ﬂa¢17"°7¢p7017'“ ) andJT:t {ytvyt 17"'7y17y07°°'7y1—p}'

We write the model in terms of the errors

p q
et(B) =yt — Z PjYt—j — Z Oret—i(B). (30)
j=1 k=1

In this case, the likelihood conditional on Fy = {yo,...,y1-»} iS given by

n

L(B,0% Fo) = | | fwelFen) B)|Fi—1)
t=1

||::]:

Then the maximization on L(3, c%; Fy) yields the MLE.
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(2) Conditional LS

As before, write 8 = (¢1,...,¢p,01,...,0,), and for the ease of
discussion, we will put i = 0.

For conditional least squares, we approximate the residual sum of
squares by conditioning on o, ...,y1—, (ifp >0)and ey =--- =¢1_, =
0 (if ¢ > 0).

Using this conditioning argument, the conditional error sum of squares
IS N
Se(B) =) _€i(B).
t=1

Minimizing S.(3) with respect to 3 yields the conditional least squares
estimates.
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3.5 Forecasting
(1) Forecasting MA(¢) models

Consider the MA(q) model y; = Y7, 0,e1—;, with 6y = 1.

Using (25) and the /ID properties of ¢, the optimal forecast is

y B Zg:h ei8t+h_i, for h = 1,...,q,
hlt =
brhit 0, for h > q,

whereas the corresponding forecast error follows as

h—1
Zizo 9i€t+h—z‘, for h = 1,...,q,
Et+hlt = .
> icobictyn—i, forh>gq,

which can be simplified t0 e,y = Y1y 0ict1n_i by defining 6; = 0 for
h > q.
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Given the assumptions on ¢, it follows that
E[5t+h|t] = 0,

and for the mean squared error (MSE) of the forecast

h—1
MSE(5t+h|t) — E[5?+h|t] = o” Z ‘9@'2-
i=0

Assuming normality, a 95% forecasting interval for y,. j, is bounded by
(yt-tne — 1.96 - RMSE(e4ynjt),  Yernje +1.96 - RMSE(e;1p11))

where RMSE(e, ;) denotes the square root of MSE(e+).
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(2) Forecasting ARMA(p, ¢) model:

The ARMA(p, ¢) model for y; is
Yt = Q1Yt—1+ -+ Opyt—p et + 01601+ - + 0454,
or, in lag operator form ¢, (L)y; = 0,(L)es.

e The true forecast value is

Ytrh = P1Yt4h—1 + -+ + OpYtah—p + €t4n + 016041+ - -+ + O0g€t4n—q.

e The minimum MSE forecast for y; is

Yt+h|t — ¢1yt+h—1|t + -+ ¢pyt+h—p|t + 91€t+h—1|t + -+ 9q€t+h—q|t7

where y; ¢ = Yo if £ < 0;and g44 4, = 01t £ > 0, otherwise e,y = €410
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e It is convenient to rewrite the model as an MA(occ) model, that is, y; =
¢p(L)'0,(L)e; or

Yt = €t + MEt—1 + M28t—2 + N3E¢—3 + -+ - .

Theorem 2 (See Hamilton (1994) page 74). The minimum MSE linear forecast (best
linear predictor) of y; ., based on I; is

Yerhlt = NMh€t + Nay16¢-1 + -+, Withng = 1.

e From which it follows that the h-step-ahead prediction error is given by

h—1
Et4h|t = Et+h T+ MEt+h—1 T+ + Nh—1Et41 = Z MNi€t+h—is
1=0
and the MSE of the forecast error is

h—1

MSE(€t+h|t) = 02 Z 7’]3,

1=0
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3.6. ARIMA(p, d, ¢) Models

e The specification of the ARMA(p,q) model assumes that y; is
stationary and ergodic.

e If y; is a trending variable like an asset price or a macroeconomic
aggregate like real GDP, then vy, must be transformed to stationary
form by eliminating the trend.

e Box and Jenkins (1976) advocate removal of trends by differencing.
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Let A =1 — L denote the difference operator.

(1) If there is a linear trend in y; then the first difference Ay, = y; — yi—1
will not have a trend.

(2) If there is a quadratic trend in y;, then Ay, will contain a linear trend
but the second difference A%y; = (1 — 2L + L?)y; = ys — 251 + Yi—o
will not have a trend.

The class of ARMA(p,q) models where the trends have been
transformed by differencing d times is denoted ARIMA(p, d, q).
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3.7 Model Building

An effective procedure for building empirical time series models
(ARIMA) is the Box-Jenkins approach (Box and Jenkins, 1976), which
consists of three stages:

e Model specification,

e Estimation,

e Diagnostics checking.

Forecasts follow directly from the form of fitted model.
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For ARIMA models, the modelling sequence can be usually described
as follows:

(1) Input and plot the time series data and choose proper transformation
(e.g., logarithm, logit, and variance stablization transformation).

(2) Compute and examine the sample ACF and the sample PACF of the data to further
confirm a necessary degree of differencing.

e Check stationarity of the transformed time series data. If the transformed data
has unit roots, then difference it until the differenced transformed data do not
have unit root anymore. Denote d as the differencing times.

(3) Determine the order values of p and ¢ preliminarily for the differenced series. For
ARIMA models, there are two main approaches to model specification.

e The “correlation” approach such as the ACF, PACF and extended autocorrelation
function (EACF).
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Function Model Feature
ACF MA(q) Cutting-off at lag q
PACF AR(p) Cutting-off at lag p
EACF ARMA(p, q) A triangle with vertex (p, q)

e The information criterion approach such as AlC, BIC, HQ.
(4) Estimate the ARIMA(p, d, g) model for the transformed data.

(5) Perform diagnostic analysis to confirm whether the transformed ARIMA(p, d, q)
model adequately describes the data (e.g. examine residuals from the fitted model).

(6) Respecify the ARIMA(p, d, q) model if necessary.

(7) Use the model for descriptive or forecasting purposes.

See the Figure.
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4 Unit Root Nonstationarity

So far we have focused on return and growth rate series that are
stationary.

However, in some studies some series are nonstationary, such as

e Interest rates
e Foreign exchange rates

e The price series

In time series literature, such as nonstationary series is called unit-root
nonstationary.
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4.1 Random Walk

A time series {y;} is a random walk (RW) if it satisfies
Yt = Yt—1 + Et, Et ~ WN(O7 0-2)7
where 1, is a real number denoting the starting value of the process.

e If 4, is the log price at date ¢, then y, could be the log price of the
stock at its initial public offering (IPO) (i.e., the logged IPO price).

o If £, has a symmetric distribution around zero, then conditional on
y:—1, y: has a 50 — 50 chance to go up or down.

e A random-walk series is not weakly stationary, and it is a unit-root
nonstationary time series.
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e Under such a model, the stock price is not predictable or mean

reverting.

— The 1-step-ahead forecast of y;, 1 given I; is

Yerie = E(Yer1|li) = ys

— The 2-step-ahead forecast is

Yot = E(yrrollt) = E(Ye+1 +etlt) = Yer1e = v

— In fact, for any forecast horizon h > 0, we have

Yt+n|t — Yt
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e The MA representation of the random-walk model is
Yt =€t T E€—1 T E—2+ -

— this representation is also called the stochastic trend
— the h-step-ahead forecast error is

Gt(h) = &t+h + -+ Et+1
— the variance of e;(h) is
Var[e,(h)] = ho? — oo as h — oo

which implies that an interval forecast of y;.; will approach infinity.
— The weight ; = 1 for all ¢, indicating that the impact of ;,_; on y;
does not decay over time. The sample ACFs are all approaching 1.
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4.2 Random walk with drift

The log return series of a market index tends to have a small and
positive mean. This implies that the model for the log price is

Yy =p+y—1+e, e ~WN(0,0°),
where 1 = FE(y; — y:—1) and the initial log price is yq.

e The log price consists of a time trend and a stochastic trend

Y1 = U+ Yo + €1

Yo =p+ 1y +e2=2u+ yo+ €2+ €1

t
ytzut+yo+6t+€t_1+---+€1zut+yo+zei

1=1
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4.3 Trend-stationary time series

A closely related model that exhibits linear trend is the trend-stationary
(TS) time series model,

yr = Bo + L1t + x4,

where z; Is a stationary time series, e.g., a stationary AR(p) series.

e Here y; grows linearly in time with rate 5, and hence can exhibit
behavior similar to that of a RW model with drift.

e Major difference between the two models.

— The RW model with drift: E(y;) = yo + pt and Var(y;) = ot
— The TS model: E(y:) = 8y + 51t and Var(y;) = Var(x;) < oo
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Figure 13 Simulate the process: y¢ = p + 6t + ¢1(yg—1 —pn — 6(t — 1)) + oWy
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4.4 General Unit-Root Nonstationary Models

Consider the following process with stochastic trend
Y =0+ Y1 +1, M= [¢;—1(L)]_1€t7 et ~ WN(O, 02) (??)

where 7, is weakly stationary, and ¢; (L) is a lag-polynomial of order
p — 1 which has all roots outside the unit circle.

e The model of y; can be represented as an AR(p) process
Op(L)ys = c+e¢, e~ WN(O, o?)

where ¢,(L) = 1 - ¢1L —--- — ¢,LP and ¢ = 4¢;_1(1). We have
¢p(L) = ¢, _1(L)(1 — L), which implies that this process has an unit
root.
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e A time series with a stochastic trend can be made stationary by
applying the differencing filter A; = A. Therefore, in this case the

time series y; is called difference-stationary (DS).

e A time series y,; that requires the first-differencing filter A to remove
the stochastic trend is called a time series that is integrated of order
1, denoted by 7(1).
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I(2) series

An [(2) time series needs the A; filter twice to become stationary.
Intuitively, a time series with a growth rate that fluctuates as a random

walk is an I(2) series.

The impact of past shocks can be demonstrated by recursive
substitution of lagged v, in A%y, = § 4 ¢, as

t 1
ye=yo+ 2ot +0t(t+1)/2+) > gy, (31)

i=1 j=1
where yo and z, are values that depend on pre-sample observations.

This result shows that when ¢ is positive, an 1(2) time series displays
explosive growth because of the (¢ 4+ 1)/2 component. Haldrup (1998)
gives a comprehensive survey of the analysis of 1(2) time series.
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Quadratic trend

Again,

When ¢, =

Yp = p + 0t + dpry—1 + &4,

(32)

1 and 6* # 0 in EQ.(32), we say that {y;} is a random walk
with quadratic trend.
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4.5 Testing for unit roots

If z = 1is a solution to the characteristic equation of the AR(p) model, it
holds that

¢p(1):1_¢1_¢2_"'_¢p:0- (33)

This shows that the sum of the AR parameters equals 1.

To test the empirical validity of the relevant parameter restriction, it is
useful to decompose the AR(p) polynomial ¢,(L) as

dp(L) = (1 =1 — 2 — -+ = dp) L' + ¢y (L) (1 — L), (34)
which holds forany : € {1,2,...,p}. Wehave ¢; (L) =1-ajlL—-- —
O‘;—le_ls where o = — Z?zi—kl ¢j = —Qit1 — Qit2 — * — Pp.

We prove the case when ¢ = 1.

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 105



Proof. We have Ay, = y; — yi—1 =

= (¢1 — D)yt—1 + P2yt—2 + -+ - + Ppyt—p + &
= (¢1+ @2 — 1)ys—1 — P2yi—1 + P2yi—2 + P3ys—3 + -+ - + PpYi—p + €4
= (p1+ P2+ P33 — 1)ys—1 — G2y 1 — G3ys—1 + P3yr—3+ - - - + bpYi—p + &4
= (p1+ P2+ P3 — Dyr—1 — (P2 + $3)Ayr1 — P30y 2+ Gayra + -+ + Ppyr—p + €
=1+ +dp— Dyr—1 — (P2 + I3+ -+ - + &p)Ayi
—(Ps+ -+ Pp)Ayr 2 — - — PpAy, + &

= pYi—1 + of{Ayt_1 + -+ a;_lAyt—p—H + &¢.

So let P = ];:1 ¢; — 1 and O‘: - Z?Zi—kl ¢j — _¢i+1 — ¢7ﬁ—|—2 — ¢pa then
1—¢pL—- - — L")y =6, =—pLyy + (1 — oL — - — O‘;—le_l)Ayt
bp(L)ye = |(1 =1 — -+ = $)L + ¢ (L)(1 = L) | .
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Setting « = 1, an AR(2) polynomial, for example, can be written as

1—¢1L— ¢oL? = (1 — 1 — ¢2) L+ (1 + ¢oL)(1 — L). (39)

Replacing ¢»(L) by the right-hand side of (35), the AR(2) model can
thus be written as

¢ 1(L)Ay; = (1 + 92 — D)y 1 + &, (36)

with ¢%_, (L) = (1 — ajL) = (1 + ¢2L).

When ¢, + ¢ — 1 equals zero, (36) becomes an AR(1) model for Ay;.
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By the same token, we can represent the AR(p) model as

¢y 1(L)Ays = (P14 +&p — D)ys—1 + &

or
p—1

Ayr=(p1+ -+ ¢p — Dyp—1 + Z @;Ayt—j + &t

j=1
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Augmented Dickey-Fuller (ADF) test

Based on (34), Dickey and Fuller (1979) propose to test for a unit root
by testing the statistical relevance of y;_, in the auxiliary regression

Ay = pys—1 + Q] Ay 1+ -+ ay Ay (p—1) + &t (37)

e The null hypothesis is p = 0 and the relevant alternative is p < 0,

resulting in a one-sided t test-statistic, i.e., t(p) = . dp( )
std(p

e Phillips (1987) derives the asymptotic distribution of t(5), which is

nonstandard because under the null hypothesis of a unit root, y; is
nonstationary and standard limit theory does not apply.

e The critical values for t(p) have to be obtained through Monte Carlo
simulation.
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In general, it appears best to include an intercept and linear trend in the
ADF regression. The ADF regression then becomes

Ay = p™" + 07t + pyr—1 + o] Ay 1+ + a1 Ay_(p—1) + &, (38)

e Under the unit root hypothesis, p and 6** are both equal to zero in the
case of linear trend, and p = u** = 0 in the case of no trends.

e To make the test independent of nuisance parameters, Dickey and
Fuller (1981) develop a joint F'-test for the hypothesis p = 6** = 0,
and in the case of no trends, for p = p** = 0.

e A common practical procedure, however, is to test p = 0 in (38
and to consider critical values depending on the type of deterministic
regressors included.

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 110



ADF Test Procedure for Unit Root Testing

Our possible models are:

Ay = pyi—1+ iy 1+ +ay 1Ay (p—1) + &,
Ay = pys—1 + aj Ay 1+ -+ oy Ay (p—1) + 1+

Ayt = pyt—1+ ajAyr1 + -+ o, Ay (1) T 17 + 0T+ e
and the procedure is as follows:

1. Graphically inspect y; in levels.

(39)
(40)
(41)
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2. If y; appear to be trending, then run model (41) and test: Hy : p = 0.

e Non-rejection: Random walk with quadratic trend (highly unlikely, we should
check whether the trend coefficient 5** is equal to zero).
— If 6" = 0, the series y; is a random walk with drift.

e Rejection implies the process is trend stationary (more likely).

3. If y; appears to have no trend, then run model (40) and test: Hy : p = 0.

e Non-rejection implies random walk with drift (unlikely, also we should check
whether the drift coefficient 1™ is equal to zero)).
— If u** = 0, the series y; is a random walk with nonzero initial value.

e Rejection implies stationary about non-zero level (more likely).

4. If y; appears mean zero without trend, then run model (39) and test Hy : p = 0.

e Non-rejection implies random walk (with zero initial value).
e Rejection implies stationary process with zero level.
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5. Regression Models with Time Series Errors

Motivated examples:

e The market model in finance or capital asset pricing model that
relates the excess return of an individual stock to that of a market
index.

e The relationship between interest rates with different maturities. (The
term structure of interest rates)
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These examples lead naturally to the consideration of a linear
regression in the form

Yy = o+ Bxy + ey,
where y; and z; are two time series and e; denotes the error term.

o If {¢;} is a white noise series, then the least square (LS) method
produces consistent estimates.

e In practice, the error term e; is serially correlated and then the LS
estimates of a and 5 may not be consistent.

e A regression model with time series errors is widely applicable in
economics and finance, but it is one of the most commonly misused
econometric models because the series dependence in e; is often
overlooked.
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Example 6. We introduce the model by considering the relationship between two
U.S. weekly interest rate series:

1. r1;: the 1-year Treasury constant maturity rate;

2. r3:. the 3-year Treasury constant maturity rate.

Both series have 2467 observations from January 5, 1962, to April 10, 2009, and are
measured in percentages.

e A naive way to describe the relationship between the two interest rates is to use the
simple model
T3t = a + Bri; + e;.
e The fitted model is

rg: = 0.8324+0.930r1; + e;,, & = 0.523
(0.024)  (0.004)

with R?> = 96.5%.
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Figure 14 Time plots of U.S. weekly interest rates (in percentages) from January 5, 1962, to April 10, 2009. Solid line is
Treasury 1-year constant maturity rate and dashed line Treasury 3-year constant maturity rate.
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e However, the model is seriously inadequate.

— Figure {15/ shows that the sample ACF of the residuals is highly significant and

decays slowly, showing the pattern of a unit-root nonstationary time series.

— If the two interest rate series are unit-root nonstationary, the behavior of the
residuals indicates that the two interest rates are not cointegrated.

— In other words, the data fail to support the hypothesis that there exists a long-
term equilibrium between the two interest rates.

e This leads to the consideration of the change series of interest rates and consider
the linear regression

c3t = B + €.
where Cit = T1t — T1t—-1 = AT‘lt and C3t = T3t — T3 t—1 — A’I"gt.

e The fitted model for differenced series is

c3t = 0.792 c1t + €1, 6. = 0.0690.
(0.0073)

with R?> = 82.5%.
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Figure 15 Residual series of linear regression for two U.S. weekly interest rates: (a) time plot and (b) sample ACF.
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e The ACF of the residuals shown in Figure (16| shows some significant serial

correlations in the residuals, but magnitudes of the correlations are much smaller.

e Because residuals of the model are serially correlated, we shall identify a simple
ARMA model for the residuals.

e From the sample ACF of the residuals shown in Figure {16, we specify an MA(1)

model for the residuals and modify the linear regression model to
cst = Beir + e, e =¢er+ 60101, e~ WN(O, 02)

— This is a simple example of linear regression with time series errors.
— If the time series model used is stationary and invertible, then one can estimate
the model jointly via the maximume-likelihood method.
e The fitted model is then

C3t — 0.794 C1t -+ €¢, €t = &y —+ 0.1823 Et—1 &e = 0.0678.
(0.0075) (0.0196)

with R? = 83.1%. The model no longer has a significant lag-1 residual ACF.
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Figure 16 Residual series of linear regression for two differenced series of U.S. weekly interest rates: (a) time plot and (b)
sample ACF.
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Summary

A general procedure for analyzing linear regression models with time
series errors:

1. Fit the linear regression model and check serial correlations of the
residuals.

2. If the residual series is unit-root nonstationary, take the first difference
of both the dependent and explanatory variables. Go to step 1. If the
residual series appears to be stationary, identify an ARMA model for
the residuals and modify the linear regression model accordingly.

3. Perform a joint estimation via the maximume-likelihood method and
check the fitted model for further improvement.

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 121



6. Long Memory Time Series

If a time series y, is I(0) then its ACF declines at a geometric rate. As a
result, 7(0) process have short memory since observations far apart in
time are essentially independent.

Conversely, if y; is I(1) then its ACF declines at a linear rate and
observations far apart in time are not independent.

In between 7(0) and I(1) processes are so-called fractionally integrated
I(d) process where 0 < d < 1. The ACF for a fractionally integrated
processes declines at a polynomial (hyperbolic) rate, which implies that
observations far apart in time may exhibit weak but non-zero correlation.
This weak correlation between observations far apart is often referred

to as long memory.
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Figure 17 ACF and PACF for ARMA(1,1), ARIMA(1,d = 1,1), and ARFIMA(1,d = 0.48,1) with ¢ = 0.6 and 67 = —0.5.
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Theorem 3 (Newton’s Binomial Formula). For any positive integer n and
real x,y we have

(x+y)"=>_ (Z) " yr, (42)

Newton’s binomial formula extends to the following theorem, which can
be found in most calculus texts:
Theorem 4. For any a we have

(1+2)" = i (Z) k. (43)

k=0

Proof. It suffices to observe that the right hand side of (43) is the Taylor
(1—|—:13) forx =0. [J

expansion of the left-hand side, (%) equals ; k,d e
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Fractionally integrated process

A fractionally integrated white noise process y; has the form
(1 - L)dyt — &ty &t WN(O7 0-2)7 (44)

where the differencing operator (1 — L)? has the binomial series
expansion representation (valid for any d > —1)

1=y (}) -0~ (45)

k=0

where the binomial coefficients (¢) are defined by

d\ dd—1)(d—2)---(d—k+1)
(+) ,
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and we have

(A —dl—d)2-d) - (k—1-d)  T(k—d)
(=1) (k> = X T (A (k+ 1)

since ['(t + 1) = tI'(¢) and k! (read as k factorial) is

l=T(k+1)=1-2-3---(k—1)-k, with0! = 1.

Using these definitions, we can rewrite (49) as

(1-L)Y=1-dL+
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e If d = 1 then y, is a random walk and if d = 0 then y; is white noise.

elf d < 0.5, then y; is a weakly stationary process and has the infinite MA
representation

Yr = €¢ + Zwié‘t—i
i=1
with
B d(l1+4+d)---(k—14+4d) B I'(k 4+ d)

Vi k! T T(dT(k+ 1)

e If d > —0.5, then y; is invertible and has the infinite AR representation
Yt = Z TiYt—i + €t
1=1

with
—d(l—-d)---(k—1—-d) I'(k —d)

k! C I(—=d)D(k+1)

T =

Chapter Three Autoregressive Moving Average Models © 2026 Tingguo Zheng 127



e For —0.5 < d < 0.5 it can be shown that

_d(l+d)---(k—=1+d)  T(k+d) TI'(1-d)
Pk A -—d2—d)--(k—d) TO+k—d T
fork =1,2,....Inparticular, p; = d/(1 — d) and

Ok ™ F(l o d>k‘2d_1 o k‘Zd_l
['(d)

as k — oo so that the ACF for y; declines hyperbolically to zero at a speed that
depends on d.

e For —0.5 < d < 0.5,the PACF of y; is ¢ppx = d/(k —d)fork =1,2,....

e Further, it can be shown v, is stationary and ergodic for 0 < d < 0.5 and that the
variance of y; is infinite for 0.5 < d < 1.
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ARFIMA(p, d, q) model

A fractionally integrated process with stationary and ergodic ARMA(p, q)
errors

(1 — L)dyt = U¢, Ut ~~ ARMA(p, Q)

Is called an autoregressive fractionally integrated moving average
(ARFIMA) process, i.e.

S(L)(1 — L)y, = 6(L)e:.

Estimation routines for general ARFIMA models, which include
additional AR and MA parts in (44) are proposed in Sowell (1992) and
Beran (1995).
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Reading

The readers are recommend to refer to "A Package for Estimating,
Forecasting and Simulating Arfima Models: Arfima package 1.04 for
Ox” by JURGEN A. DOORNIK AND MARIUS OOMS.
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