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• Reference:

– “Analysis of Financial Time Series”, 2010, Tsay, Chapter 11.

– Hamilton, 1994 “State-Space Models”, Handbook of Econometrics,

Volume 4, chapter 50.

• Outline:

– State space representation

– Kalman filtering for linear Gaussian SS models

– Approximate filtering for nonlinear SS models

– Mixed-frequency model and applications

– Sequential Monte Carlo filtering*

– Score-driven models
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The main applications of state space models in macroeconomics and

finance have dealt with the following topics.

• The extraction of signals such as trends and cycles in macroeconomic

time series: see Watson (1986), Clark (1987), Harvey and Jaeger

(1993), Hodrick and Prescott (1997), Morley, Nelson and Zivot (2003),

Proietti (2006), Luati and Proietti (2011).

• Dynamic factor models, for the extraction of a single index of

coincident indicators, see Stock and Watson (1989), Frale et al.

(2011), and for large dimensional systems (Jungbacker, Koopman

and van der Wel, 2011).
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• Stochastic volatility models: see Shephard (2005) and Stock and

Watson (2007) for applications to US inflation.

• The class of dynamic stochastic general equilibrium (DSGE) models:

Sargent (1989), Fernandez-Villaverde and Rubio-Ramirez (2005),

Smets and Wouters (2003), Fernandez-Villaverde (2010).

• Term structure of interest rate: Diebold and Li (2006)

• Mixed-frequency data models: mixed-frequency dynamic factor

model by Mariano and Murasawa (2003), and mixed-frequency VAR

model by Mariano and Murasawa (2010).
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1 Linear Gaussian State Space Models

1.1 State space expression

The general representation of linear Gaussian state space models

(Harvey, 1991) can be formulated as:

yt
n×1

= Ht
n×r

ξt
r×1

+ dt
n×1

+ ut
n×1

(1)

ξt
r×1

= Ft
r×r

ξt−1
r×1

+ ct
r×1

+ vt
r×1

(2)

where the disturbances ut and vt are such that:

ut ∼ N(0, Rt
n×n

), vt ∼ N(0, Qt
r×r

), Cov(utvt) = 0. (3)

Equation (1) is the observation equation or measurement equation; and

equation (2) is the state equation or transition equation.
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It should be noticed that:

1. The covariance matrices Rt and Qt may be not full rank and thus

singular;

2. It is often assumed that the innovations ut and vt are not correlated.

If they are correlated, the reader are referred to another state

space form advocated by Koopman, Shephard and Doornik (1999,

Statistical algorithm for models in state space using SsfPack 2.2) and

Durbin and Koopman (2002)’s book.
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Time-invariant parametric models

In particular, if all matrices do not depend deterministically on t the state

space system is called time invariant. This can be rewritten as

yt
n×1

= H
n×r

ξt
r×1

+ d
n×1

+ ut
n×1

(4)

ξt
r×1

= F
r×r

ξt−1
r×1

+ c
r×1

+ vt
r×1

(5)

Cov(utut) = R
n×n

, Cov(vtvt) = Q
r×r

, Cov(utvt) = 0.

• The state space representation is completed by specifying the

behavior of the initial state ξ0 ∼ N(a0,P0).

• Under the weak stationary assumption of yt, the unconditional mean

of ξt, a0, may be determined using a0 = E[ξt] = (Ir − F )−1c.
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• Similarly, the unconditional variance of ξt, Var(ξ0) may be determined

analytically using

vec(P0) = (Ir2 − F ⊗ F )−1vec(Q).

Here vec(P0) is an r2 × 1 column vector. It can be easily reshaped to

form the r × r matrix P0.
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Examples

(1) AR(p) process

Consider the AR(p) process

yt = µ+ xt, xt = φ1xt−1 + · · ·+ φpxt−p + εt, εt ∼ N (0, σ2
ε)

One way to represent AR(p) in state space form is as follows. Define

ξt = (xt, xt−1, . . . , xt−p+1)′ so that the transition equation for ξt becomes




xt

xt−1

...

xt−p+1




=




φ1 · · φp−1 φp

1 · · 0 0

· · ... . . . ·
0 · · 1 0







xt−1

xt−2

...

xt−p




+




εt

0
...

0



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The transition equation system matrices are

F =




φ1 · · φp−1 φp

1 · · 0 0

· · ... . . . ·
0 · · 1 0



, c = 0p×1, Q =




σ2
ε 0 · · · 0

0 0 · · · 0
... ... . . . ...

0 0 · · · 0



.

The measurement equation is yt = µ+(1, 0, . . . , 0)ξt, which implies that

H = (1, 0, . . . , 0), d = µ, R = 0.
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(2) ARMA(p, q) model

The general ARMA(p, q) model

yt = φ1yt−1 + · · ·+ φpyt−p + εt + θ1εt−1 + · · ·+ θqεt−q, εt ∼ N(0, σ2
ε)

may be put in a state space form in the following way. Let m =

max(p, q + 1) and rewrite the ARMA(p, q) model as

yt = φ1yt−1 + · · ·+ φmyt−m + εt + θ1εt−1 + · · ·+ θm−1εt−m+1,

where some of the AR or MA coefficients will be zero unless p = q + 1.
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Harvey (1994, Section 4.4) provides a state-space form with an m-

dimensional state vector ξt, the first element of which is yt, that is

ξ1t = yt. The other elements of ξt are obtained recursively.

For the ARMA(m,m− 1) model, we have

ξ1,t+1 = yt+1 = φ1yt +

m∑

j=2

φjyt+1−j +

m−1∑

j=1

θjεt+1−j + εt+1

≡ φ1ξ1t + ξ2t + ηt,

where ξ2t =
∑m
j=2 φjyt+1−j +

∑m−1
j=1 θjεt+1−j, ηt = εt+1, and as defined

earlier ξ1t = yt.
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Focusing on ξ2,t+1, we have

ξ2,t+1 =

m∑

j=2

φjyt+2−j +

m−1∑

j=1

θjεt+2−j

= φ2yt +

m∑

j=3

φjyt+2−j +

m−1∑

j=2

θjεt+2−j + θ1εt+1

≡ φ2ξ1t + ξ3t + θ1ηt

where ξ3t =
∑m
j=3 φjyt+2−j +

∑m−1
j=2 θjεt+2−j.
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Next, considering ξ3,t+1, we have

ξ3,t+1 =

m∑

j=3

φjyt+3−j +

m−1∑

j=2

θjεt+3−j

= φ3yt +

m∑

j=4

φjyt+3−j +

m−1∑

j=3

θjεt+3−j + θ2εt+1

= φ3ξ1t + ξ4t + θ2ηt,

where ξ4t =
∑m
j=4 φjyt+2−j +

∑m−1
j=3 θjεt+2−j.
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Repeating the procedure, we have

ξmt =

m∑

j=m

φjyt+2−j +

m−1∑

j=m−1

θjεt+2−j = φmyt−1 + θm−1εt.

Finally,

ξm,t+1 = φmyt + θm−1εt+1

= φmξ1t + θm−1ηt.
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Define

ξt =




yt

φ2yt−1 + · · ·+ φmyt−m+1 + θ1εt + · · ·+ θm−1εt−m+2

...

φmyt−1 + θm−1εt




and set

yt =
[
1 0 · · · 0

]
ξt

ξt =




φ1 1 0 · · · 0

φ2 0 1 · · · 0
... ... ... . . . ...

φm−1 0 0 · · · 1

φm 0 0 · · · 0



ξt−1 +




1

θ1

...

θm−2

θm−1



εt
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(3) Stochastic volatility

Define a simple time-vary variance process as:

yt = σtεt, εt ∼ N (0, 1) (6)

In a stochastic volatility model, ht = log σ2
t , the logarithm of the variance,

behaves exactly as a stochastic process in the mean, such as random

walks or autoregression.

ht = c+ λht−1 + ζt, ζt ∼ N (0, σ2
ζ) (7)

Taking the square and the logarithm, Equation (6) can be reexpressed

as:

ln(y2
t ) = ht + ln(ε2

t ). (8)
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A quasi-maximum likelihood (QML) estimator has been proposed

by Ruiz (1994) and Harvey et al. (1994) who approximate the

measurement equation disturbance term by a normal random variable

with the same mean

E[ln(ε2
t )] = −1.2704

and the variance

Var[ln(ε2
t )] = π2/2.

Note: If x is a standard normal random variable, i.e. x ∼ N(0, 1), then the variable

y with log-squared transformation of x is defined by

y = ln(x
2
).

So the density of y is

y =
1√
2π

exp

{
x− exp(x)

2

}
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True Normal-QML 
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Figure 1 Log-chi-square density and its normal approximation.
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(4) Time-varying coefficients

Specify a simple market model modified by using time-varying

coefficients:

Rt = αt + βtRmt + εt

αt = αt−1 + v1t

βt = βt−1 + v2t

(9)

where Rt return on an individual security, Rmt is return on the market,

and the coefficients follow a random walk.
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The observation equation is:

Rt = [1 Rmt]

[
αt

βt

]
+ εt (10)

The state equation is:

[
αt

βt

]
=

[
1 0

0 1

][
αt−1

βt−1

]
+

[
v1t

v2t

]
(11)
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(5) Dynamic factor models

Suppose we have two stationary variables, y1t, and y2t with a common

component ct:

y1t = γ1ct + z1t, (12)

y2t = γ2ct + z2t, (13)

ct = φ1ct−1 + vt, (14)

zit = αizi,t−1 + eit, i = 1, 2, (15)

where e1t, e2t, and vt are independent of one another.

Stock and Watson (1991) employ a general version of the above

dynamic factor model to extract an coincident index from four coincident

economic variables.
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Then, a state-space representation of the above model is given by

Measurement Equation

[
y1t

y2t

]
=

[
γ1 1 0

γ2 0 1

]



ct

z1t

z2t


 (16)

Transition Equation:




ct

z1t

z2t


 =



φ1 0 0

0 α1 0

0 0 α2







ct−1

z1,t−1

z2,t−1


+




vt

e1t

e2t


 (17)
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(6) A common stochastic trend model

Hai, Mark, and Wu (1996) consider the following common stochastic

trend model for the spot and forward exchange

y1t = zt + x1t, (18)

y2t = zt + x2t, (19)

zt = zt−1 + εt, εt ∼ i.i.d.N (0, σ2
ε), (20)

x1t = µ1 + φ11x1,t−1 + φ12x2,t−1 + e1t + θ11e1,t−1 + θ12e2,t−1, (21)

x2t = µ2 + φ21x1,t−1 + φ22x2,t−1 + e2t + θ21e1,t−1 + θ22e2,t−1, (22)

where (
e1t

e2t

)
∼ i.i.d.N

([
0

0

]
,

[
σ2

1 σ12

σ21 σ2
2

])
,
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zt is a common stochastic trend and the stationary component x1t and

x2t are assumed to be generated by a vector ARMA(1,1) process.

A state-space representation of the above model is given by

Measurement Equation

[
y1t

y2t

]
=

[
1 1 0 0 0

1 0 1 0 0

]




zt

x1t

x2t

e1t

e2t




(23)
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Transition Equation:




zt

x1t

x2t

e1t

e2t




=




0

µ1

µ2

0

0




+




1 0 0 0 0

0 φ11 φ12 θ11 θ12

0 φ21 φ22 θ21 θ22

0 0 0 0 0

0 0 0 0 0







zt−1

x1,t−1

x2,t−1

e1,t−1

e2,t−1




+




1 0 0

0 1 0

0 0 1

0 1 0

0 0 1







εt

e1t

e2t


 . (24)
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(7) GDP decomposition

A classic trend/cycle decomposition model is given as follows:

yt = τt + ct (25)

τt = τt−1 + gt−1 + ut (26)

gt = gc+ λgt−1 + wt, (27)

ct = φ1ct−1 + φ2ct−2 + vt (28)

where yt is log GDP; τt is its trend component follows a random walk

with a stochastic drift or growth rate which is an autoregressive process;

ct is the cycle component.

When λ = σw = 0, this becomes the Watson (1986) model.

When gc = 0 and λ = 1, this becomes the Clark (1987) model.
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Write equations (25)õ(28) in the state space form, the observation

equation is:

yt = [1 1 0 0]




τt

ct

ct−1

gt




(29)

The state equation is:




τt

ct

ct−1

gt




=




1 0 0 1

0 ϕ1 ϕ2 0

0 1 0 0

0 0 0 λ







τt−1

ct−1

ct−2

gt−1




+




0

0

0

gc




+




vt

ut

0

wt




(30)
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(8) BSM model in STAMP

The basic structural model (BSM) is formulated in terms of trend,

seasonal, and irregular components. It can be represented by

yt = τt + γt + εt, εt ∼ iidN(0, σ2
ε), (31)

where τt is a stochastic trend, γt is a stochastic seasonal component,

and εt is an irregular component; see Harvey (1989).

The trend is specified in the following way:

τt = τt−1 + βt−1 + ηt, ηt ∼ iidN(0, σ2
η) (32)

βt = βt−1 + ζt, ζt ∼ iidN(0, σ2
ζ), (33)

where βt is the slope, ηt and ζt are assumed to be mutually independent.
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The seasonal component γt is often specified in two ways such as

dummy-variable seasonality and trigonometric seasonality, see Harvey

et al. (1998) and Commandeur and Koopman(2007).

A time-varying dummy seasonal specification is given by

s−1∑

i=0

γt−i = et, (34)

where s is the seasonal length, et is an i.i.d. normal variable with mean

zero and variance σ2
e, i.e., et ∼ iidN(0, σ2

e).

• In the limiting case σ2
e = 0, the seasonal effects are fixed over time.

• Commonly, s = 4 for quarterly data and s = 12 for monthly data.

Chapter Six State-Space Models c© 2026 Tingguo Zheng 30



(10) Dynamic Nelson and Siegel model

Diebold and Li (2006) and Diebold, Rudebusch and Arouba (2006)

extend the model of Nelson and Siegel (1987) to a state space

framework and to estimate the factors of term structure of interest rate.

We often call this the dynamic Nelson and Siegel model.

The measurement equation of the state-space form is




yt(τ1)

yt(τ2)
...

yt(τn)




=




1 1−e−λτ1
λτ1

1−e−λτ1
λτ1

− e−λτ1

1 1−e−λτ2
λτ2

1−e−λτ2
λτ2

− e−λτ2

... ... ...

1 1−e−λτn
λτn

1−e−λτn
λτn

− e−λτn






β1,t

β2,t

β3,t


+




εt(τ1)

εt(τ2)
...

εt(τn)




where β1,t, β2,t and β3,t are the level, slope and curvature factors.
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The transition equation specifies the dynamics of the state variables



β1,t

β2,t

β3,t


 =



φ1 0 0

0 φ2 0

0 0 φ3






β1,t−1

β2,t−1

β3,t−1


+



η1,t

η2,t

η3,t


 ,



η1,t

η2,t

η3,t


 ∼ N


0,



σ2

1 0 0

0 σ2
2 0

0 0 σ2
3





 ,

where we have restricted the transition matrix to be diagonal to reflect

the theoretical and empirical likelihood that the three factors exhibit little

correlation.
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2 Kalman Filter and Estimation

Reconsider the model:

yt
n×1

= H
n×r

xt
r×1

+ d
n×1

+ ut
n×1

xt
r×1

= F
r×r

xt−1
r×1

+ c
r×1

+ vt
r×1

Cov(utut) = R
n×n

, Cov(vtvt) = Q
r×r

, Cov(utvt) = 0.

Let the observed data obtained through date t− 1 be summarized by

Ft−1 ≡ (y′t−1,y
′
t−2, . . . ,y

′
1)′.

It is natural to obtain the one-step-ahead prediction density of yt
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conditional on Ft−1

p(yt | Ft−1) =

∫
p(yt | xt)p(xt | Ft−1)dxt

where p(yt | xt) denotes the observation density implied by the

observation equation.

The prediction density of xt given Ft−1 is given by

p(xt | Ft−1) =

∫
p(xt | xt−1)p(xt−1 | Ft−1)dxt−1

where p(xt | xt−1) denotes the prediction density implied by the

transition equation.
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The filtered density of xt given by Ft is given by

p(xt | Ft) =
p(yt | xt)p(xt | Ft−1)

p(yt | Ft−1)
∝ p(yt | xt)p(xt | Ft−1)

by Bayes rule.

Based on the previous prediction and filtered densities, we can

implement a recursion from t− 1 to t. If the input density p(xt−1 | Ft−1)

is Gaussian, then the output density p(xt | Ft) is also Gaussian.

Note that the Gaussian density can be summarized by the

corresponding mean and covariance matrix.

This leads to the Kalman filter for the mean and mean-square-error of

the state and observation.
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The Kalman filter can be better demonstrated in three steps, though at

least the first two steps can be easily combined. The three steps are

prediction, updating, and smoothing.

(1) Prediction

It is noted that, based on information available at t− 1, the state vector

ξt|Ft−1 ∼ N(ξt|t−1,Pt|t−1), where:

ξt|t−1 := E(ξt|Ft−1) = Fξt−1|t−1 + c, (35)

Pt|t−1 := Var(ξt|Ft−1) = FPt−1|t−1F
′ +Q, (36)

where the input means ξt−1|t−1 = E(ξt−1|Ft−1) and variances

Pt−1|t−1 = Var(ξt−1|Ft−1) is assumed to be known at time t. These

two equations are known as the prediction equations.
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The prediction of yt conditional on Ft−1 can be inferred immediately

from (5):

yt|t−1 = E(yt|Ft−1) = Hξt|t−1 + d. (37)

Then the prediction error can be written as

ηt = yt − yt|t−1 = H(ξt − ξt|t−1) + ut. (38)

Since ξt|t−1 is a function of Ft−1, the term ut is independent of both ξt
and ξt|t−1.

Thus the conditional variance of (38) is

Σt = Var(yt − yt|t−1|Ft−1) = HVar(ξt|Ft−1)H ′ +R

= HPt|t−1H
′ +R. (39)
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(2) Updating

First note that the conditional covariance between (38) and the error in

forecasting the state vector is

E{[yt − yt|t−1][ξt − ξt|t−1]′|Ft−1} = H · E{[ξt − ξt|t−1][ξt − ξt|t−1]′|Ft−1}

= HPt|t−1

Thus the distribution of the vector (y′t, ξ
′
t)
′ conditional on Ft−1 is

[
yt|Ft−1

ξt|Ft−1

]
∼ N

([
Hξt|t−1 + d

ξt|t−1

]
,

[
HPt|t−1H

′ +R HPt|t−1

Pt|t−1H
′ Pt|t−1

])

I Using this joint conditional distribution, our next purpose is to obtain

the distribution of ξt|Ft, or ξt|yt,Ft−1. So we apply the following

theorem:
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Theorem 1 (Gaussian Conditioning Theorem). Let z1 and z2 denote

(n1 × 1) and (n2 × 1) vectors respectively that have a joint normal

distribution:

[
z1

z2

]
∼ N

([
µ1

µ2

]
,

[
Σ11 Σ12

Σ21 Σ22

])
.

Then the distribution of z2 conditional on z1 is N(µ2|1,Σ22|1) where

µ2|1 = E(z2|z1) = µ2 + Σ21Σ
−1
11 (z1 − µ1),(40)

Σ22|1 = E[(z2 − µ2|1)(z2 − µ2|1)′|z1] = Σ22 −Σ21Σ
−1
11 Σ12. (41)

Remark: Thus the optimal forecast of z2 conditional on having observed

z1 is µ2|1, while the mean squared error of this forecast is Σ22|1.
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Proof. We have

det(Σ) = det(Σ11) det(Σ22 − Σ21Σ
−1
11 Σ12) = det(Σ11) det(Σ22|1).

So f2|1(z2|z1) := f(z)
f1(z1) =

=

(2π)−n/2 det(Σ)−1/2 exp

{
−1

2
(z − µ)′Σ−1/2(z − µ)

}
(2π)−n1/2 det(Σ11)−1/2 exp

{
−1

2
(z1 − µ1)′Σ

−1/2
11 (z1 − µ1)

}
=(2π)

−n2/2 det(Σ22|1)
−1/2

× exp

{
−1

2

[
(z − µ)

′
Σ
−1

(z − µ)− (z1 − µ1)
′
Σ
−1
11 (z1 − µ1)

]}
.

where the term (z − µ)′Σ−1(z − µ)− (z1 − µ1)
′Σ−1

11 (z1 − µ1)

= [z2 − µ2 − Σ21Σ
−1
11 (z1 − µ1)]

′
Σ
−1
22|1[z2 − µ2 − Σ21Σ

−1
11 (z1 − µ1)].
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We have

Σ
−1

=

 B11 B12

B21 B22


where

B11 :=Σ
−1
11 + Σ

−1
11 Σ12(Σ22 − Σ21Σ

−1
11 Σ12)

−1
Σ21Σ

−1
11

=Σ
−1
11 + Σ

−1
11 Σ12Σ

−1
22|1Σ21Σ

−1
11 ,

B12 :=− Σ
−1
11 Σ12(Σ22 − Σ21Σ

−1
11 Σ12)

−1

=− Σ
−1
11 Σ12Σ

−1
22|1

B21 :=− (Σ22 − Σ21Σ
−1
11 Σ12)

−1
Σ21Σ

−1
11

=− Σ
−1
22|1Σ21Σ

−1
11

B22 :=Σ
−1
22|1.
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So

(z − µ)
′
Σ
−1

(z − µ)− (z1 − µ1)
′
Σ
−1
11 (z1 − µ1)

=(z1 − µ1)
′
Σ
−1
11 Σ12Σ

−1
22|1Σ21Σ

−1
11 (z1 − µ1)− 2(z1 − µ1)

′
Σ
−1
11 Σ12Σ

−1
22|1(z2 − µ2)

+ (z2 − µ2)
′
Σ
−1
22|1(z2 − µ2)

=(z2 − µ2)
′
Σ
−1
22|1(z2 − µ2)− 2(z1 − µ1)

′
Σ
−1
22|1Σ21Σ

−1
11 (z2 − µ2)

+
[
Σ21Σ

−1
11 (z1 − µ1)

]′
Σ
−1
22|1Σ21Σ

−1
11 (z1 − µ1)

=
[
(z2 − µ2)− Σ21Σ

−1
11 (z1 − µ1)

]′
Σ
−1
22|1

[
(z2 − µ2)− Σ21Σ

−1
11 (z1 − µ1)

]
.
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Results from the theorem: It then follows from (40) and (41) that

ξt|Ft = ξt|yt,Ft−1 is distributed N(ξt|t,Pt|t), where

ξt|t = E(ξt|Ft) = ξt|t−1 +Ktηt, (42)

Pt|t = Var(ξt|Ft) = Pt|t−1 −KtHPt|t−1, (43)

where the quantity

Kt = Pt|t−1H
′Σ−1

t = Pt|t−1H
′(HPt|t−1H

′ +R)−1,

which is also called the Kalman gain.
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Kalman Filtering

Taken together (35), (35), (42) and (43) make up the Kalman filter.

If desired they can be written as a single set of recursions going directly

from ξt−1|t−1 to ξt|t or, alternatively, from ξt|t−1 to ξt+1|t. We might refer

to these as, respectively, the contemporaneous and predictive filter.

In the latter case

ξt+1|t = Fξt|t + c = Fξt|t−1 + c+ FKtηt (44)

The recursion for the covariance matrix (called as a Riccati equation)

Pt+1|t = F (Pt|t−1 −KtHPt|t−1)F ′ +Q. (45)
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Starting values

The starting values for the Kalman filter may be specified in terms of ξ0

and P0 or ξ1|0 and P1|0.

• If ξt is stationary, we use the unconditional mean and unconditional

covariance matrix of ξt

ξ0 = E[ξt] = (Ir − F )−1c

vec(P0) = (Ir2 − F ⊗ F )−1vec(Q),

where vec(P0) is an r2 × 1 column vector. It can be easily reshaped

to form the r × r matrix P0.

• If ξt is non-stationary, a diffuse prior is often used by setting P0 = κI,

and letting the scalar κ go to infinity.

Chapter Six State-Space Models c© 2026 Tingguo Zheng 45



(3) Smoothing (for SSM with fixed parameters)

Given initial conditions ξT |T and PT |T from the Kalman filter.

We can recursively obtain ξt|T and Pt|T , for t = T − 1, T − 2, . . . , 1,

ξt|T := E(ξt|FT ) = ξt|t + Υt(ξt+1|T − ξt+1|t) (46)

Pt|T := Var(ξt|FT ) = Pt|t + Υt(Pt+1|T − Pt+1|t)Υ
′
t (47)

where Υt = Pt|tF ′P
−1
t+1|t.

Especially, at time t = 0, we can get the estimates of initial state

ξ0|T and P0|T ,

which can be used to set as a0 and Σ0.
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Derivation of smoothing algorithm

(a) Computing p(ξt, ξt+1|Ft), which is Gaussian and it suffices to

compute its mean vector and its covariance matrix

– The mean vector is

[
ξt|t

ξt+1|t

]
, where ξt+1|t = Fξt|t + c.

– We will use this when calculating the cross covariance:

Cov(ξt, ξt+1|Ft) = E[(ξt − ξt|t)(ξt+1 − ξt+1|t)
′|Ft]

= E[(ξt − ξt|t)(Fξt + c+ vt+1 − Fξt|t − c)′|Ft]

= Pt|tF
′.

– We have

[
ξt

ξt+1

]∣∣∣∣∣Ft ∼ N
([

ξt|t

ξt+1|t

]
,

[
Pt|t Pt|tF ′

FPt|t Pt+1|t

])
.

Chapter Six State-Space Models c© 2026 Tingguo Zheng 47



(b) Computing p(ξt|ξt+1,FT ) = p(ξt|ξt+1,Ft) by Gaussian Conditioning

Theorem.

– The corresponding mean and covariance matrix are

E[ξt|ξt+1,FT ] = E[ξt|ξt+1,Ft] = ξt|t +Lt(ξt+1 − ξt+1|t)

Cov(ξt|ξt+1,FT ) = Cov(ξt|ξt+1,FT ) = Pt|t −LtPt+1|tL
′
t,

where Lt = Pt|tFP
−1
t+1|t.

– Hence we have

ξt|ξt+1,FT ∼ N
(
ξt|t +Lt(ξt+1 − ξt+1|t),Pt|t −LtPt+1|tL

′
t

)
.
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(c) Computing p(ξt|FT )

– Two properties are used:

(c.1.) Law of Iterated Expectation (Tower Property):

E[Z|X] = E[E[Z|Y,X]|X].

(c.2.) Law of Total Conditional Variance:

Cov[Z|X] = Cov[E[Z|Y,X]|X] + E[Cov[Z|Y,X]|X].

– Let Z = ξt, Y = ξt+1, X = FT , and apply the above two properties.

I First, we compute the smoothed mean

ξt|T = E[ξt|FT ] = E[E[ξt|ξt+1,FT ]|FT ]

= E[ξt|t +Lt(ξt+1 − ξt+1|t)|FT ]

= ξt|t︸︷︷︸
filtered estimate

+Lt(ξt+1|T − ξt+1|t)︸ ︷︷ ︸
correction term

.
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I Second, all that remains is to apply the law of total conditional

variance to find Pt|T :

Pt|T = Cov[ξt|FT ]

= Cov[E[ξt|ξt+1,FT ]|FT ] + E[Cov[ξt|ξt+1,FT ]|FT ]

= Cov[ξt|t +Lt(ξt+1 − ξt+1|t)|FT ] + E[Pt|t −LtPt+1|tL
′
t|FT ]

= LtPt+1|TL
′
t + (Pt|t −LtPt+1|tL

′
t)

= Pt|t︸︷︷︸
filtered estimate

+Lt(Pt+1|T − Pt+1|t)L
′
t︸ ︷︷ ︸

correction term

.

Chapter Six State-Space Models c© 2026 Tingguo Zheng 50



(4) The Lag-One Covariance Smoother *

For the state-space model, with Kt, Υt (t = 1, . . . , T ) obtained from

before, and with initial condition

PT,T−1|T = Cov(ξT , ξT−1 | FT )

= (I −KTH)FPT−1|T−1,

we have that for t = T − 1, T − 2, . . . , 1,

Pt,t−1|T = Cov(ξt, ξt−1 | FT )

= Pt|tΥ
′
t−1 + Υt(Pt+1,t|T − FPt|t)Υ′t−1.

The proof is given in Chapter 6 in Shumway and Stoffer (2006).
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1.3 Prediction

As regards multi-step prediction, taking expectations, conditional on the

information at time T , of the transition equation at time T + h yields the

recursion

ξT+h|T = FξT+h−1|T + c, h = 1, 2, 3, . . . (48)

with initial value ξT |T . Similarly,

PT+h|T = FPT+h−1|TF
′ +Q, h = 1, 2, 3, . . . (49)

Thus ξT+h|T and PT+h|T are evaluated by repeatedly applying the

Kalman filter prediction equations.
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The MMSE of yT+h can be obtained directly from ξT+h|T . Taking

conditional expectations in the measurement equation for yT+h gives

ŷT+h|T = E(yT+h|FT ) = HξT+h|T + d, h = 1, 2, 3, . . . (50)

with MSE matrix

MSE(ŷT+h|T ) = HPT+h|TH
′ +R, h = 1, 2, 3, . . . (51)

When the normality assumption is relaxed, ŷT+h|T and MSE(ŷT+h|T )

are still minimum mean square linear estimators.
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2.4 Maximum likelihood estimation

The joint density function for the T sets of observations, y1, . . . ,yT , is

p(y1, . . . ,yT ; θ) =

T∏

t=1

p(yt|Ft−1) (52)

where p(yt|Ft−1) denotes the distribution of yt conditional on the

information set at time t− 1, that is, Ft−1 = {yt−1, . . . ,y1}.

In the Gaussian state space model, the conditional distribution of yt is

normal with mean ŷt|t−1 and covariance matrix Σt. Hence the prediction

errors or innovations,

ηt = yt − ŷt|t−1 ∼ N(0,Σt), t = 1, . . . , T, (53)

is serially independent with mean zero and covariance Σt.
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Based on the predictive distribution of yt, the conditional density at time

t is:

p(yt|Ft−1) = (2π)−n/2|Σt|−1/2 exp

(
−η
′
tΣ
−1
t ηt
2

)
(54)

where ηt = yt − yt|t−1, Ft−1 is the information set at time t− 1.

The parameters can be estimated by maximizing the log likelihood of

the density function:

L(θ) = −nT
2

log(2π)− 1

2

T∑

t=1

{
log |Σt|+ (η′tΣ

−1
t ηt)

}
.

Estimated parameters and state variables can be obtained accordingly.
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2.5 EM algorithm for dynamic linear models

Shumway and Stoffer (1982) presented a conceptually simpler

estimation procedure based on the EM (expectation maximization)

algorithm (Dempster et al., 1977).

The basic idea is that if we could observe the states XT =

{ξ0, ξ1, . . . , ξT} and the observations YT = {y1, . . . ,yT}, then we would

consider {XT , YT} as the complete data.

The joint density for the complete data {XT , YT} is

fΘ(XT , YT ) = fa0,Σ0(ξ0)

T∏

t=1

fF ,Q(ξt|ξt−1)

T∏

t=1

fH,R(yt|ξt).
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Under the Gaussian assumption and ignoring constants, the complete

data log-likelihood can be written as

−2 lnLX,Y (Θ) = ln |Σ0|+ (ξ0 − a0)′Σ−1
0 (ξ0 − a0)

+ T ln |Q|+
T∑

t=1

(ξt − Fξt−1)′Q−1(ξt − Fξt−1)

+ T ln |R|+
T∑

t=1

(yt −Hξt)′R−1(yt −Hξt)

• If we did have the complete data, we could then use the results from multivariate

normal theory to easily obtain the MLEs of Θ.

• However, we do not have the complete data, the EM algorithm gives us an

iterative method for finding the MLEs of Θ based on the incomplete data, YT , by

successively maximizing the conditional expectation of the complete data likelihood.
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(1) Expectation step (E-Step):

To implement the EM algorithm, we write, at iteration j, (j = 1, 2, . . .),

Q(Θ | Θ(j−1)) = E
{
−2 lnLX,Y (Θ) | YT ,Θ(j−1)

}

Given Θ(j−1), we can use the Kalman Smoother to obtain the desired
conditional expectations as smoothers. This yields

Q(Θ | Θ(j−1)
) = ln |Σ0|+ tr{Σ−1

0 E[(ξ0−ξ0|T + ξ0|T − a0)(ξ0−ξ0|T + ξ0|T − a0)
′|FT ]}

+ T ln |Q|+ tr

Q−1
T∑
t=1

E[ (ξt − Fξt−1)(ξt − Fξt−1)
′︸ ︷︷ ︸

=ξtξ
′
t−ξtξ

′
t−1F

′−Fξt−1ξ
′
t+Fξt−1ξ

′
t−1F

′
|FT ]


+ T ln |R|+ tr

R−1
T∑
t=1

E[ (yt −Hξt)︸ ︷︷ ︸
insert −Hξt|T+Hξt|T

(yt −Hξt)′︸ ︷︷ ︸
insert −Hξt|T+Hξt|T

|FT ]


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Using the facts that

E[ξtξ
′
t|FT ] = E[ξt|FT ]E[ξ′t|FT ] + Var[ξt|FT ] = ξt|Tξ

′
t|T + Pt|T ,

E[ξtξ
′
t−1|FT ] = ξt|Tξ

′
t−1|T + Pt,t−1|T ,

E[ξt−1ξ
′
t−1|FT ] = ξt−1|Tξ

′
t−1|T + Pt−1|T ,

we have

Q(Θ | Θ(j−1)) = ln |Σ0|+ tr{Σ−1
0 [P0|T + (ξ0|T − a0)(ξ0|T − a0)]′}

+ T ln |Q|+ tr{Q−1[S11 − S10F
′ − FS′10 + FS00F

′]}

+ T ln |R| (55)

+ tr

{
R−1

T∑

t=1

[(yt −Hξt|T )(yt −Hξt|T )′ +HPt|TH
′]

}
,
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where

S11 =

T∑

t=1

(ξt|Tξ
′
t|T + Pt|T ), S10 =

T∑

t=1

(ξt|Tξ
′
t−1|T + Pt,t−1|T )

S00 =

T∑

t=1

(ξt−1|Tξ
′
t−1|T + Pt−1|T )

In the above equations, the smoothers are calculated under the current

value of the parameters Θ(j−1); for simplicity, we have not explicitly

displayed this fact.
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(2) Maximization step (M-Step):

Minimizing (55) with respect to the unknown parameter set, Θ =

{H,F ,Q,R}, constitutes the maximization step.

At iteration j, for the parameters F and Q, this yields the updated

estimates,

F (j) = S10S
−1
00

Q(j) = T−1(S11 − S10S
−1
00 S

′
10).

To develop estimators for H and R from the last term of (55), it will

reduce to minimizing:
∑T
t=1E[(yt −Hξt)(yt −Hξt)′ | YT ,Θ(j−1)] over

H and then evaluating R.
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Performing the first operation, we obtain

H(j) =

T∑

t=1

ytξ
′
t|TS

−1
11

Then, we can obtain estimator for R as:

R(j) = T−1
T∑

t=1

[(yt −H(j)ξt|T )(yt −H(j)ξt|T )′ +H(j)Pt|TH
(j)′].

Finally, the updates for the initial mean and covariance matrix are

a
(j)
0 = ξ0|T and Σ

(j)
0 = (ξ0|T − a(j)

0 )(ξ0|T − a(j)
0 )′ + P0|T .
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EM algorithm:

1. Initialize the procedure by selecting starting values for the parameters

Θ(0) = {a0,Σ0,F ,Q,H,R}.

On iteration j, (j = 1, 2, . . .):

2. Run the Kalman filter and smoother, and compute the incomplete-

data likelihood, − lnLF(Θ(j−1)).

3. Perform the E-Step.

4. Perform the M-Step.

5. Repeat Steps 2 - 4 to convergence.
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3 Approximate Filters for Nonlinear SS Models

3.1 Extended Kalman Filter

Consider next a multidimensional normal state-space model

yt = h(ξt) + d+ ut, (56)

ξt = φ(ξt−1) + c+ vt, (57)

where vt ∼ i.i.d.N(0,Q) and ut ∼ i.i.d.N(0,R). Suppose φ(·) in

(57) is replaced with a first-order Taylor’s approximation around ξt−1 =

ξt−1|t−1,

ξt = φt + Φt · (ξt−1 − ξt−1|t−1) + c+ vt, (58)
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where

φt = φ(ξt−1|t−1), Φt =
∂φ(ξt−1)

∂ξ′t−1

∣∣∣∣
ξt−1=ξt−1|t−1

.

If the form of φ and any parameters it depends on are known, then the

inference ξt|t, can be constructed as a function of variables observed at

date t through a recursion to be described in a moment.

Similarly the function h(·) in (56) can be linearized around ξt|t−1 to

produce

yt = ht +Ht · (ξt − ξt|t−1) + d+ ut. (59)

where

ht = h(ξt|t−1), Ht =
∂h(ξt)

∂ξ′t

∣∣∣∣
ξt=ξt|t−1
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Treat (58) and (59) as if they were the true model, then the extended

Kalman filter is implemented as follows:

ξt|t−1 = φ(ξt−1|t−1) + c (60)

Pt|t−1 = ΦtPt−1|t−1Φ
′
t +Q (61)

yt|t−1 = ht + d = h(ξt|t−1) + d (62)

ηt = yt − yt|t−1 = Ht(ξt − ξt|t−1) + ut (63)

Σt = HtPt|t−1H
′
t +R (64)

ξt|t = ξt|t−1 + Pt|t−1Ht(H
′
tPt|t−1Ht +R)−1ηt (65)

Pt|t = Pt|t−1 − Pt|t−1Ht(H
′
tPt|t−1Ht +R)−1H ′tPt|t−1 (66)
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3.2 State Space Models with conditional heteroskedasticity

We consider the following state-space model with ARCH disturbances

proposed by Harvey, Ruiz and Sentana (1992):

yt = Hξt + d+ ut + Λεt (67)

ξt = Fξt−1 + c+ vt + λωt (68)

ut ∼ N(0,R), vt ∼ N(0,Q), (69)

where Λ is n × 1 and λ is k × 1, and εt and ωt are 1 × 1. The ARCH

effects are introduced via the following scalar disturbances:

εt|It−1 ∼ N(0, h1t), h1t = α0 + α1ε
2
t−1,

ωt|It−1 ∼ N(0, h2t), h2t = γ0 + γ1ω
2
t−1.
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• If Λ = 0 and λ = 0, then there is no ARCH effect and the model

reduces to the usual time-invariant model.

• If the first element of Λ is nonzero with the others being zero, only the

first shock in the mesurement equation is subject to an ARCH effect.

• If all the elements of Λ are nonzero, then all the shocks in the

measurement equation are subject to a common ARCH effect.

• The same argument applies for the transition equation.

• If we define u∗t = ut+ Λεt and v∗t = vt+λωt, then we have u∗t |It−1 ∼
N(0,Rt) and v∗t |It−1 ∼ N(0,Qt), where

Rt = R+ Λh1tΛ
′ and Qt = Q+ λh2tλ

′.
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Difficulty in Kalman filter

ξt|t−1 = Fξt−1|t−1 + c

Pt|t−1 = FPt−1|t−1F
′ +Q+ λh2tλ

′

ηt = yt −Hξt|t−1 − d

Σt = HPt|t−1H
′ +R+ Λh1tΛ

′

ξt|t = ξt|t−1 + Pt|t−1HΣ−1
t ηt

Pt|t = Pt|t−1 − Pt|t−1HΣ−1
t H

′Pt|t−1

However, we need to calculate h1t = α0 +α1ε
2
t−1 and h2t = γ0 + γ1ω

2
t−1,

which are functions of the squares of past unobserved shocks ε2t−1 and

ω2
t−1. Thus, the above Kalman filter is not operable.
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Approximate Kalman filter

Harvey, Ruiz and Sentana (1992) solve the problem of unobserved ε2t−1

and ω2
t−1 by replacing them with their conditional expectations:

h1t = α0 + α1E[ε2t−1|It−1] and h2t = γ0 + γ1E[ω2
t−1|It−1].

To get the conditional expectations of ε2t−1 and ω2
t−1, Harvey, Ruiz and

Sentana augment the heteroskedastic shocks into the original state

vector in the transition equation as follows:


ξt

εt

ωt


 =



c

0

0


+



F 0 0

0 0 0

0 0 0






ξt−1

εt−1

ωt−1


+



I 0 λ

0 1 0

0 0 1






vt

εt

ωt




(ξ∗t = c∗ + F ∗ξ∗t−1 +G∗v∗t )
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where

E[v∗tv
∗
t
′|It−1] =



Q 0 0

0 h1t 0

0 0 h2t


 = Q∗t

The measurement equation should be replaced by

yt =
[
H Λ 0

]


ξt

εt

ωt


+ d+ ut, ut ∼ N(0,R)

(yt = H∗ξ∗t + d+ ut)
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Applying the Kalman filter recursions to the model, we have

ξ∗t|t−1 = F ∗ξ∗t−1|t−1 + c∗

P ∗t|t−1 = F ∗P ∗t−1|t−1F
∗′ +G∗Q∗tG

∗′

η∗t = yt −H∗ξ∗t|t−1 − d∗

Σ∗t = H∗P ∗t|t−1H
∗′ +R∗

ξ∗t|t = ξ∗t|t−1 + P ∗t|t−1H
∗Σ∗t

−1η∗t

P ∗t|t = P ∗t|t−1 − P ∗t|t−1H
∗Σ∗t

−1H∗′P ∗t|t−1

In the Q∗t matrix,

h1t = α0 + α1E[ε2t−1|It−1] and h2t = γ0 + γ1E[ω2
t−1|It−1].
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It is easy to show that

E[ε2t−1|It−1] = E[εt−1|It−1]2 + E[(εt−1 − E[εt−1|It−1])2],

E[ω2
t−1|It−1] = E[ωt−1|It−1]2 + E[(ωt−1 − E[ωt−1|It−1])2],

where

• E[εt−1|It−1] and E[ωt−1|It−1] are obtained from the last two elements

of ξ∗t−1|t−1;

• E[(εt−1 − E[εt−1|It−1])2] and E[(ωt−1 − E[ωt−1|It−1])2] are obtained

from the last two diagonal elements of P ∗t−1|t−1.
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Example 1 (TVP model with GARCH disturbances).

yt = Xt−1βt + ε∗t , ε∗t |It−1 ∼ N(0, ht)

βt = βt−1 + vt, vt ∼ N(0, Q)

ht = α0 + α1ε
∗
t−1

2 + α2ht−1,
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3.3 State Space Models with Markov Switching

Consider the following state-space representation of a dynamic linear

model with Markov switching in both measurement and transition

equations:

yt = HStξt + dSt + ut, (70)

ξt = FStξt−1 + cSt + vt, (71)
(
ut

vt

)
∼ N

(
0,

(
RSt 0

0 QSt

) )
, (72)

St|St−1 ∼ Markov(P ) (73)

where the transition probability matrix P = (pij), pij = Pr(St = j|St−1 =

i) satisfying that
∑M
j=1 pij = 1 for all i.
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(1) Multiprocess Kalman filter

In derivation of the filtering and estimation of the model, we need to

solve two filtering problems.

We begin with the recursion between ξit−1|t−1 (and P i
t−1|t−1) and ξjt|t

(and P j
t|t). Conditional on St−1 = i and St = j, i, j = 1, . . . ,M , we have

ξijt|t−1 = Fjξ
i
t−1|t−1 + cj, (74)

P ij
t|t−1 = FjP

i
t−1|t−1F

′
j +Qj, (75)

ηijt|t−1 = yt −Hjξ
ij
t|t−1 − dj, (76)

Σij
t|t−1 = HjP

ij
t|t−1H

′
j +Rj, (77)

ξijt|t = ξijt|t−1 + P ij
t|t−1H

′
j[Σ

ij
t|t−1]−1ηijt|t−1, (78)

P ij
t|t = (I − P ij

t|t−1H
′
j[Σ

ij
t|t−1]−1Hj)P

ij
t|t−1. (79)
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To reduce the dimension of the estimation problem, a re-collapsing

procedure is suggested by Harrison and Stevens (1976) which

effectively provides re-approximation at each time t.

These approximations are given by

ξjt|t = E[ξt|St = j,Ft]

=

M∑

i=1

Pr(St−1 = i|St = j,Ft)E[ξt|St = j, St−1 = i,Ft]

=

M∑

i=1

wijt|tξ
ij
t|t, (80)

P j
t|t =

M∑

i=1

wijt|t{P
ij
t|t + (ξjt|t − ξ

ij
t|t)(ξ

j
t|t − ξ

ij
t|t)
′}, (81)
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where

wijt|t = Pr(St−1 = i|St = j,Ft)

=
Pr(St−1 = i, St = j|Ft)

Pr(St = j|Ft)
, (82)

ξjt|t is an inference about ξt based on information up to time t given

St = i, and P j
t|t is the corresponding mean squared error.
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(2) Hamilton filter

In equation (82), the probability terms Pr(St−1 = i, St = j|Ft) and

Pr(St = j|Ft) remain unknown. This leads to solving the second filtering

problem as suggested by Hamilton (1989).

Given the term Pr(St−1 = i|Ft−1) (for i = 1, 2, . . . ,M ) at the beginning

of the t-th iteration, we can compute the joint density of St−1 = i and

St = j conditional on Ft−1, that is

Pr(St−1 = i, St = j|Ft−1) = pij Pr(St−1 = i|Ft−1) (83)

for i, j = 1, . . . ,M , where pij = Pr(St = j|St−1 = i) is the transition

probability.
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By Bayes’ theorem, we have

Pr(St−1 = i, St = j|Ft) =
f(yt, St−1 = i, St = j|Ft−1)

f(yt|Ft−1)
(84)

=
f(yt|St−1 = i, St = j,Ft−1) Pr(St−1 = i, St = j|Ft−1)

f(yt|Ft−1)
.

where

f(yt|St−1 = i, St = j,Ft−1) =
1

(2π)
n
2 |Σij

t|t−1|
1
2

exp



−

ηijt|t−1

′
(Σij

t|t−1)−1ηijt|t−1

2



 ,

and so the conditional likelihood function at time t is given by

f(yt|Ft−1) =

M∑

j=1

M∑

i=1

Pr(St−1 = i, St = j|Ft−1)f(yt|St−1 = i, St = j,Ft−1).

(85)
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For given parameters of the model, the Kalman filter provides us with

the forecast error (ηijt|t−1) and its variance (Σij
t|t−1) as by-products.

Also, the filtered density of St based on the information up to time t is

given by

Pr(St = j|Ft) =

M∑

i=1

Pr(St−1 = i, St = j|Ft). (86)

Then we finish the second recursion between Pr(St−1 = i|Ft−1) and

Pr(St = j|Ft).
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(3) Kim’s (1994) filter

Kim’s (1994) filter for the state-space model with Markov switching may

be viewed as a combination of the Kalman filter and the filter provided

by Hamilton (1989) along with appropriate approximations.

The Kim’s (1994) filter consists of the following steps:

Algorithm 1 (Kim filter).

1. Run the Kalman filter given in the Eqs. (74) to (79) for i, j = 1, . . . ,M .

2. Calculate Pr(St = j, St−1 = i|Ft) and Pr(St = j|Ft) for i, j =

1, . . . ,M .

3. Using these probability terms, collapse the (M ×M) posteriors in the

Eqs. (78) and (79) into (M × 1) using the Eqs. (80) and (81).
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(4) Log-likelihood

As a by-product of running the above Kalman filter, the conditional log-

likelihood function can be obtained from step 2 using the equation (85).

The sample conditional log-likelihood is

L(θ) =

T∑

t=1

log f(yt|Ft−1)

=

T∑

t=1

log




∑

i,j

Pr(St−1 = i, St = j|Ft−1)f(yt|St = j, St−1 = i,Ft−1)





=

T∑

t=1

log




∑

i,j

Pr(St−1 = i, St = j|Ft−1)

(2π)
n
2 |Σij

t|t−1|
1
2

exp


−

ηijt|t−1

′
(Σij

t|t−1)−1ηijt|t−1

2





 ,

where i, j ∈ {1, . . . ,M}.
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(5) Smoothing algorithm

• Once parameters are estimated, we can make inferences about St
and ξt by using the entire information in the sample FT , that is we

can determine Pr(St = j|FT ) and ξt|T for t = 1, 2, . . . , T .

• For this, consider the joint probability of the event that St = j and

St+1 = k based on all information from the full sample:

Pr(St = j, St+1 = k|FT ) = Pr(St+1 = k|FT )× Pr(St = j|St+1 = k,FT )

= Pr(St+1 = k|FT )× Pr(St = j|St+1 = k,Ft)

= Pr(St+1 = k|FT )× Pr(St = j, St+1 = k|Ft)
Pr(St+1 = k|Ft)

= Pr(St+1 = k|FT )× pjk Pr(St = j|Ft)
Pr(St+1 = k|Ft)

(87)
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and

Pr(St = j|FT ) =

M∑

k=1

Pr(St = j, St+1 = k|FT ). (88)

• Keeping Eq.(87) in mind, we now turn to the derivation of the

smoothing algorithm for the vector ξt.

• Given that St = j and St+1 = k, the smoothing algorithm can be

written as follows:

ξ
(j,k)
t|T = ξjt|t + Υ

(j,k)
t (ξkt+1|T − ξ

(j,k)
t+1|t), (89)

P
(j,k)
t|T = P j

t|t + Υ
(j,k)
t (P k

t+1|T − P
(j,k)
t+1|t)Υ

(j,k)
t

′
, (90)

where Υ
(j,k)
t = P j

t|tF
′
k[P

(j,k)
t+1|t]

−1.
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Since Pr(St = j|FT ) does not depend on ξt|T , we can first calculate

smoothed probabilities which we can use then to obtain smoothed

values of ξt, i.e. ξt|T .

So the above smoothing algorithm can be performed by applying the

following approximation approach:

Algorithm 2 (Smoothing algorithm).

1. We run through the basic filter and store the resulting sequences

ξ
(i,j)
t|t , P (i,j)

t|t , ξjt|t, P
j
t|t, Pr(St = j|Ft−1) and Pr(St = j|Ft).

2. For t = T − 1, T − 2, . . . , 1, we obtain the smoothed probabilities

Pr(St = j, St+1 = k|FT ) and Pr(St = j|FT ) according to (87) and (88)

and save these. Here, Pr(ST = j|FT ), the initial value for smoothing,

is given by the final iteration of the basic filter.
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3. At each iteration of (89) and (90) for t = T−1, T−2, . . . , 1, we collapse

the M×M elements of the matrices ξ(j,k)
t|T and P (j,k)

t|T into M weighted

avarages, by taking weighted avarages over the state variable St+1:

ξjt|T =

M∑

k=1

wjkt|Tξ
(j,k)
t|T ,

P j
t|T =

M∑

k=1

wjkt|T

{
P

(j,k)
t|T + (ξjt|T − ξ

(j,k)
t|T )(ξjt|T − ξ

(j,k)
t|T )′

}
,

where

wjkt|T =
Pr(St = j, St+1 = k|FT )

Pr(St = j|FT )
.

4. By taking a weighted average over the M Markov-regime at time t,

the smoothed value is computed as ξt|T =
∑M
j=1 Pr(St = j|FT )ξjt|T .
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(6) Markov switching SV model

Consider the following Markov switching stochastic volatility model:

yt = σtεt, εt ∼ N (0, 1), (91)

ht = cst + λht−1 + ζt, ζt ∼ N (0, σ2
ζ). (92)

The discrete state variable st is assumed to be a first-order Markov

process with the transition probabilities

Pr(st = 0|st−1 = 0) = p00, Pr(st = 0|st−1 = 1) = 1− p11,

Pr(st = 1|st−1 = 0) = 1− p00, Pr(st = 1|st−1 = 1) = p11.
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Taking the square and the logarithm, Equation (6) can be rewritten as:

ln(y2
t ) = ht + ln(ε2

t ).

We then represent the model as follows:

ln(y2
t ) = ht − 1.2704 + ut, ut ∼ N(0, π2/2),

ht = cst + λht−1 + ζt, ζt ∼ N (0, σ2
ζ),

st|st−1,Ft−1 ∼Markov(P ),

P =

[
p00 1− p11

1− p00 p11

]
.
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Example 2. Fitting Shanghai composite index with the MSSV model. The sample

period is from 1995/01/01 to 2020/4/10.

Close 

1996 1998 2000 2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

2500

5000
Close 

1996 1998 2000 2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

0

20

smoothed filtered 

1996 1998 2000 2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

0.0

2.5

5.0
smoothed filtered 

Smoothed Filtered 

1996 1998 2000 2002 2004 2006 2008 2010 2012 2014 2016 2018 2020

0.5

1.0
Smoothed Filtered 
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The parameter estimates are reported as follows:
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4 Mixed-Frequency Models and Applications

• Mariano and Murasawa (2003): A new coincident index of business

cycles based on monthly and quarterly series. Journal of Applied

Econometrics, 18, 427õ443.

•xÍI!�_£2013¤µ¥I²L±Ï�·ªêâÿÝ9¢�©Û§5²

LïÄ616Ï§58-70.

• Mariano and Murasawa (2010): A Coincident Index, Common

Factors, and Monthly Real GDP, Oxford Bulletin of Economics and

Statistics, 72(1), 27-46.
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4.1 Mixed-frequency dynamic factor model

• {Y1,t}∞t=−∞: an N1-variate random sequence of quarterly indicators

observable every third period; {Y2,t}∞t=−∞: an N2-variate random

sequence of monthly indicators;

• N = N1 +N2;

• Assume that logs of the indicators are integrated of order 1;

• Let Y1,t be the geometric mean of Y ∗1,t, Y ∗1,t−1, and Y ∗1,t−2, i.e,

lnY1,t =
1

3
(lnY ∗1,t + lnY ∗1,t−1 + lnY ∗1,t−2)

where {Y ∗1,t}∞t=−∞: an N1-variate latent random sequence such that

for all t,
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• Taking the three-period differences, for all t,

y1,t = lnY1,t − lnY1,t−3

=
1

3
(lnY ∗1,t − lnY ∗1,t−3) +

1

3
(lnY ∗1,t−1 − lnY ∗1,t−4)

+
1

3
(lnY ∗1,t−2 − lnY ∗1,t−5)

=
1

3
(y∗1,t + y∗1,t−1 + y∗1,t−2) +

1

3
(y∗1,t−1 + y∗1,t−2 + y∗1,t−3)

+
1

3
(y∗1,t−2 + y∗1,t−3 + y∗1,t−4)

=
1

3
y∗1,t +

2

3
y∗1,t−1 + y∗1,t−2 +

2

3
y∗1,t−3 +

1

3
y∗1,t−4, (93)

where y1,t = ∆3 lnY1,t and y∗1,t = ∆ lnY ∗1,t.

• y1,t is observed every third period, but y∗1,t is unobserved.
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Now build the dynamic factor model for y∗1,t and y2,t, which are in the

same frequency. The model is given by

[
y∗1,t
y2,t

]
=

[
µ∗1
µ2

]
+ βft + ut, (94)

φf(L)ft = v1,t, (95)

Φu(L)ut = v2,t, (96)
[
v1,t

v2,t

]
= NID

(
0,

[
σ2

1 0

0 Σ22

])
. (97)

For identification, assume that: (i) the first component of β is 1; (ii) Φu(·)
and Σ22 is diagonal.
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Since we never observe y∗1,t, we cannot estimate the above model

directly.

Hence we consider the corresponding dynamic one-factor model for

{yt}∞t=−∞ such that for all t,

[
y1,t

y2,t

]
=

[
µ1

µ2

]
+

[
β1

(
1
3ft + 2

3ft−1 + ft−2 + 2
3ft−3 + 1

3ft−4

)

β2ft

]

+

[
1
3u1,t + 2

3u1,t−1 + u1,t−2 + 2
3u1,t−3 + 1

3u1,t−4

u2,t

]
,

where µ1 = 3µ∗1, (β′1, β
′
2)′ = β, and (u′1,t, u

′
2,t)
′ = ut.

Chapter Six State-Space Models c© 2026 Tingguo Zheng 96



4.2 Mixed-frequency Markov switching dynamic factor model

By including regime switching dynamics in the intercept, we have
[
y1,t

y2,t

]
=

[
µ1

µ2

]
+

[
β1

(
1
3ft + 2

3ft−1 + ft−2 + 2
3ft−3 + 1

3ft−4

)

β2ft

]

+

[
1
3u1,t + 2

3u1,t−1 + u1,t−2 + 2
3u1,t−3 + 1

3u1,t−4

u2,t

]
,

φf(L)ft = ν(St) + v1,t,

Φu(L)ut = v2,t,

St|St−1 ∼Markov(P ),
[
v1,t

v2,t

]
= NID

(
0,

[
σ2

1 0

0 Σ22

])
.
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Example 3. Using the data in Mariano and Murasawa (2003).
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Example 4. Large dynamic factor models, forecasting, and
nowcasting

See https://gist.github.com/ChadFulton/a9172cd6f41947333f47bd4842832619
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5 Nonlinear and non-Gaussian state space models

• Reference:

– Cappé, O., Godsill, S. J., and Moulines, E., (2007), An overview of

existing methods and recent advances in sequential Monte Carlo,

IEEE Proc., 95, 899õ924.

• Outline:

– Nonlinear and non-Gaussian state space models

– Importance sampling and resampling

– Sequential Monte Carlo filters
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5.1 The Nonlinear and Non-Gaussian SS Models

A statistical model generates the observed data, a vector yt, and the

conditional distribution of yt depends on a latent state variable, xt. See

the Figure.

Figure 2 The State-Space (The Hidden states given by the vector x, and the

observation states given by the vector y).
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Formally, the data is generated by the following state space model

Observation equation: yt = f(xt, ε
y
t ) ⇒ p(yt|xt) (98)

State equation: xt = g(xt−1, ε
x
t ) ⇒ p(xt|xt−1), (99)

where εyt is the observation error or “noise”, and εxt is the state shock.

The observation equation is often written as a conditional likelihood,

p(yt|xt), and the state evolution as p(xt|xt−1).

For simplicity, we ignore the static parameters θ in these distributions.

Chapter Six State-Space Models c© 2026 Tingguo Zheng 103



Our interest is mainly in p(xt|y0:t), where y0:t = (y0, y1, . . . , yt).

Beginning with the Kalman filter, computing p(xt|y0:t) uses a two-step

procedure: prediction and Bayesian updating.

• Prediction

p(xt|y0:t−1) =

∫
p(xt|xt−1)p(xt−1|y0:t−1)dxt−1,

• Updating by Bayes rule

p(xt|y0:t)︸ ︷︷ ︸
Posterior

=
p(xt, yt|y0:t−1)

p(yt|y0:t−1)
=

p(yt|xt)p(xt|y0:t−1)∫
p(yt|xt)p(xt|y0:t−1)dxt

∝ p(yt|xt)︸ ︷︷ ︸
Likelihood

p(xt|y0:t−1)︸ ︷︷ ︸
Prior

.
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We now need the computation of the two integrals.

• Only for a limited number of settings such as linear Gaussian model,

p(xt|y0:t−1) and p(xt|y0:t) are Gaussian. In this case, the Kalman filter

recursion is often used to get the mean and variance of p(xt|y0:t).

• However, in nonlinear and non-Gaussian models, it is not possible to

analytically compute p(xt|y0:t) since it is a complicated function of y0:t.

Simulation methods are typically required to characterize p(xt|y0:t).
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5.2 Importance Sampling and Resampling

In the Monte Carlo method, we are concerned with estimating the

properties of some highly complex probability distribution p, for example

computing expectations of the form:

h̄ =

∫
h(x)p(x)dx,

where h(·) is some useful function for estimation, for example h(x) = x.

Chapter Six State-Space Models c© 2026 Tingguo Zheng 106



Sample from p

When the integral cannot be achieved analytically, we can generate

random samples (called as particles) from p, denote these {x(i)}1≤i≤N ,

and then approximate the distribution p by point masses so that

h̄ ≈ 1

N

N∑

i=1

h(x(i)).

Clearly N needs to be large in order to give a good coverage of all

regions of interest.
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Sample from q

When we cannot sample directly from the distribution p, we can sample

from another distribution q (the importance distribution, or instrumental

distribution). This is also called as the importance sampling.

Make N random draws (particles) x(i), i = 1, . . . , N from q instead of p.

Consequently, h̄ can be estimated using a weighted average:

h̄ =

∫
h(x)

p(x)

q(x)
q(x)dx =

∫
h(x)r(x)q(x)dx

=

N∑

j=1

w̃(j)

∑N
j=1 w̃

(j)
h(x(j)),

where w̃(j) = r(x(i)) = p(x(i))/q(x(i)) is termed the unnormalised

importance weight.
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Definition: A sample (x(j), w̃(j)), j = 1, . . . , N is said to be properly

weighted with respect to distribution p if for all integrable function h, we

have

N∑

j=1

w̃(j)

∑N
i=1 w̃

(i)
h(x(j))→ Ep[h(X)] as N →∞.
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Sampling importance resampling (SIR)

In the first stage of importance sampling, an i.i.d. sample

(x̃(1), . . . , x̃(M)) is drawn from the importance distribution q, and one

computes the normalised version of the importance weights,

w(i) =
w̃(i)

∑M
i=1 w̃

(i)
, i = 1, . . . ,M. (100)

In the resampling stage, a sample of size N denoted by x(1), . . . , x(N) is

drawn from the intermediate set of points x̃(1), . . . , x̃(M), taking proper

account of the weights computed in (100).

This principle is illustrated in Figure 3.
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4

termed the importance function. The expectation h̄ can thus
be estimated using a weighted average:

h̄ =

∫
h(x)

q(x)p(x)

q(x)
dx

=

∫
h(x)r(x)q(x)dx ≈

N∑

i=1

ω̃(i)

∑N
j=1 ω̃

(j)
h(x(i)) (3)

where ω̃(i) def
= r(x(i)) = p(x(i))/q(x(i)) is termed the

unnormalised importance weight.
Remark 1: In many situations, the target distribution p

or the importance distribution q are known only up to a
normalising factor (this is particularly true when applying
importance sampling ideas to state-space models and, more
generally, in Bayesian statistical inference; see below). The
importance function r = p/q is then known only up to a
(constant) scaling factor. In (3), the weights are renormalised
to sum to unity and hence the estimator of h̄ does not require
knowledge of the actual normalising factor. Theoretical issues
relating to this renormalisation are discussed in [28].

Although importance sampling is primarily intended to
overcome difficulties with direct sampling from p when ap-
proximating expectations under p, it can also be used for sam-
pling from the distribution p. The latter can be achieved by the
sampling importance resampling (or SIR) method originally
introduced by [16], [29]. Sampling importance resampling is a
two-stage procedure in which importance sampling is followed
by an additional random sampling step, as discussed below.
In the first stage, an i.i.d. sample (x̃(1), . . . , x̃(M)) is drawn
from the importance distribution q, and one computes the
normalised version of the importance weights,

ω(i) def
=

ω̃(i)

∑M
i=1 ω̃

(i)
, i = 1, . . . ,M . (4)

In the resampling stage, a sample of size N denoted by
x(1), . . . , x(N) is drawn from the intermediate set of points
x̃(1), . . . , x̃(M), taking proper account of the weights computed
in (4). This principle is illustrated in Figure 4.

There are several ways of implementing this basic idea,
the most obvious approach being sampling with replacement,
with the probability of sampling each x(i) set equal to the
normalised importance weight ω(i). Hence the number of
times N (i) that each particular point x̃(i) in the first-stage
sample is selected follows a binomial Bin(N,ω(i)) distribu-
tion. The vector (N (1), . . . , N (M)) is distributed according to
Mult(N,ω(1), . . . , ω(M)), the multinomial distribution with
parameter N and probabilities of success (ω(1), . . . , ω(M)).
In this resampling step, the points in the first-stage sample
that are associated with small normalised importance weights
are most likely to be discarded, whereas the best points in
the sample are replicated in proportion to their importance
weights. In most applications, it is typical to choose M , the
size of the first-stage sample, larger (and sometimes much
larger) than N .

While this resampling step is unnecessary in the non-
recursive framework, and would always increase the Monte
Carlo variance of our estimators, it is a vital component of
the sequential schemes which follow, avoiding degeneracy

INSTRUMENTAL

TARGET

Resampled particles

Fig. 4. Principle of resampling. Top: the sample drawn from q (dashed line)
with associated normalised importance weights depicted by bullets with radii
proportional to the normalised weights (the target density corresponding to
p is plotted as a solid line); Bottom: after resampling, all particles have the
same importance weight, and some of them have been either discarded or
duplicated (here M = N = 6).

of the importance weights over time. While the multinomial
resampling scheme above is the most natural first approach, it
should be noted that improvements can be achieved through
variance reduction strategies such as stratification. Some of
these alternative sampling schemes guarantee a reduced Monte
Carlo variance, at a comparable computational cost [30], [31],
[32], [33]. We will sometimes refer to the resampling step as
a selection step in the sequel.

B. Sequential Monte-Carlo methods

We now specialise the sampling techniques considered
above to the sequential setting of the state-space model.
Starting with the initial, or ‘prior’, distribution π0(x0), the
posterior density π0:t|0:t(x0:t|y0:t) can be obtained using the
following prediction-correction recursion [34]:

• Prediction

π0:t|0:t−1(x0:t|y0:t−1)

= π0:t−1|0:t−1(x0:t−1|y0:t−1)f(xt|xt−1) , (5)

• Correction

π0:t|0:t(x0:t|y0:t) =
g(yt|xt)π0:t|0:t−1(x0:t|y0:t−1)

`t|0:t−1(yt|y0:t−1)
,

(6)
where `t|0:t−1 is the predictive distribution of yt given
the past observations y0:t−1. For a fixed data realization,
this term is a normalising constant (independent of the
state); it will not be necessary to compute this term in
standard implementations of SMC methods.

We would like to sample from π0:t|0:t(x0:t|y0:t); since it is
generally impossible to sample directly from this distribution,
we resort to a sequential version of the importance sampling
and resampling procedure outlined above. Conceptually, we
sample N particle paths x̃

(i)
0:t, i = 1, . . . , N , from a conve-

nient importance distribution q0:t(x0:t|y0:t), and compute the

Figure 3 Principle of resampling. (M = N = 6)
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• The particle approximation can be transformed into an equally

weighted random sample from p(x) by resampling from the discrete

distribution, {x̃(j), w̃(j)}Nj=1.

• This procedure produces a new sample with uniformly distributed

weights, w(j)
t = 1/N .

• Resampling can be done in many ways, but the simplest is

multinomial sampling. Other methods include stratified sampling,

residual resampling, and systematic resampling.
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5.3 Sequential Monte Carlo methods

Starting with the initial, or ‘prior’, distribution p(x0), the (on-line) posterior

density p(x0:t|y0:t) can be obtained recursively:

• Prediction

p(x0:t|y0:t−1) = p(x0:t−1|y0:t−1)p(xt|xt−1) (101)

• Correction (or updating)

p(x0:t|y0:t) =
p(yt|xt)p(x0:t|y0:t−1)

`(yt|y0:t−1)

=
p(yt|xt)p(xt|xt−1)

`(yt|y0:t−1)
p(x0:t−1|y0:t−1). (102)
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We would like to sample from p(x0:t|y0:t); since it is generally impossible

to sample directly from this distribution, we resort to a sequential version

of the importance sampling and resampling procedure.

Conceptually, we x̃
(i)
0:t, i = 1, . . . , N , from a convenient importance

distribution q(x0:t|y0:t), and compute the unnormalised importance

weights

w̃
(i)
t =

p(x̃
(i)
0:t|y0:t)

q(x̃
(i)
0:t|y0:t)

, i = 1, . . . , N.

We can get the normalised weights with w(i)
t =

w̃
(i)
t∑N

i=1 w̃
(i)
t

. Consequently,

p̂(x0:t|y0:t) =

N∑

i=1

w
(i)
t δ

x̃
(i)
0:t

(x0:t), (103)

where δ(·) is a dirac function.
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To achieve the importance distribution we construct the proposal such

that it factorises in a form similar to that of the target posterior

distribution:

q(x0:t|y0:t) =

Keep existing path︷ ︸︸ ︷
q(x0:t−1|y0:t−1)×

extend path︷ ︸︸ ︷
q(xt|xt−1, yt) .

The unnormalised importance weights then take the following form

w̃
(i)
t =

p(x̃
(i)
0:t|y0:t)

q(x̃
(i)
0:t|y0:t)

∝ w(i)
t−1 ×

p(yt|x̃(i)
t )p(x̃

(i)
t |x̃(i)

t−1)

q(x̃
(i)
t |x̃(i)

t−1, yt)
. (104)

In the sequential Monte Carlo literature, the multiplicative update factor

on the right-hand side of (104) is often called the incremental weight.
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(1) SIS/SIR algorithm

The sequential importance sampling (SIS) algorithm is summarized as

follows:

Algorithm 3 (Sequential Importance Sampling (SIS)).

1. At initial time t = 0,

(a) Sample x̃(i)
0 ∼ q(x0), for i = 1, . . . , N .

(b) Compute the importance weights w(i)
0 = w̃

(i)
0 /

∑N
i=1 w̃

(i)
0 , where

w̃
(i)
0 =

p(y0|x̃(i)
0 )p(x̃

(i)
0 )

q(x̃
(i)
0 )

, for i = 1, . . . , N .

2. For t = 1, . . . , T ,

(a) For i = 1, . . . , N , propagate particles: x̃
(i)
t ∼ q(xt|x̃(i)

t−1, yt),
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compute weights:

w̃
(i)
t = w

(i)
t−1

p(yt|x̃(i)
t )p(x̃

(i)
t |x̃(i)

t−1)

q(x̃
(i)
t |x̃(i)

t−1, yt)
.

(b) Normalise weights: w
(i)
t = w̃

(i)
t /

∑N
i=1 w̃

(i)
t , i = 1, . . . , N ,

compute filtering estimate (on-line filtered estimate): h̄t =
∑N
i=1w

(i)
t ht(x̃

(i)
t ).

The problem in SIS is that the algorithm is degenerate. It is known that

the variance of the weights increases at every step. This means that we

will always converge to a single non-zero weight w(i) = 1 for some i and

the rest being zero.

Resampling strategy is commonly used to avoid the problem of

degeneracy of the algorithm.
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The sampling importance resampling (SIR) algorithm can be

summarized as follows:

Algorithm 4 (Sampling Importance Resampling (SIR)).

1. At initial time t = 0.

(a) Sample x̃(i)
0 ∼ q(x0), for i = 1, . . . , N .

(b) Compute importance weights w(i)
0 = w̃

(i)
0 /

∑N
i=1 w̃

(i)
0 , where

w̃
(i)
0 =

p(y0|x̃(i)
0 )p(x̃

(i)
0 )

q(x̃
(i)
0 )

, for i = 1, . . . , N .

(c) Resample N particles {x̃(i)
0 }Ni=1 with weights {w̃(i)

0 }Ni=1 to obtain the

new particles {x(i)
0 , 1/N}Ni=1.

2. For t = 1, . . . , T ,

Chapter Six State-Space Models c© 2026 Tingguo Zheng 118



(a) For i = 1, . . . , N , propagate particles: x̃
(i)
t ∼ q(xt|x(i)

t−1, yt),

compute weights:

w̃
(i)
t = w

(i)
t−1

p(yt|x̃(i)
t )p(x̃

(i)
t |x(i)

t−1)

q(x̃
(i)
t |x(i)

t−1, yt)
.

(b) Normalise weights: w(i)
t = w̃

(i)
t /

∑N
i=1 w̃

(i)
t , i = 1, . . . , N , compute

filtering estimate (on-line filtered estimate): h̄t =
∑N
i=1w

(i)
t ht(x̃

(i)
t ).

(c) Resample N particles {x̃(i)
t }Ni=1 with weights {w̃(i)

t }Ni=1 to obtain the

new particles {x(i)
t , 1/N}Ni=1.
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Effective sample size (ESS)

An important technique for resampling and rejuvenating a sequential

importance sampler is the effective sample size (ESS), which is a useful

metric to determine whether resampling is necessary.

Define the coefficients of variation of the importance weights as cv2
t =

Var(w(i)
t )

E2(w
(i)
t )

, Liu and Chen (1995) and Liu (1996) propose tracking the ESS

Neff,t =
N

1 + cv2
t

,

which varies between 1 (N copies of a single particle) and N (equal

weights).

If the ESS is large, say, Neff,t > α0N (0 < α0 < 1), resampling is

undesirable since the pdf over the trajectories is well represented.
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Replace Step 2(c) in SIR with the following step

(c) If resampling when Neff,t ≤ α0N , select N particle indices ji ∈
{1, . . . , N} according to weights {w(i)

t }1≤i≤N , and set x(i)
t = x̃

(ji)
t and

w
(i)
t = 1/N , i = 1, . . . , N ; otherwise, set x(i)

t = x̃
(i)
t , i = 1, . . . , N .
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(2) The bootstrap filter

The bootstrap filter is proposed by Gordon, Salmond, and Smith (1993)

• It uses the state transition density or “prior kernel” as importance

distribution, i.e., q(xt|xt−1, yt) = p(xt|xt−1).

• The importance weight then simplifies to

w
(i)
t ∝ w(i)

t−1p(yt|x
(i)
t ).

• In the original version of the algorithm, resampling is carried out at

each and every time step, in which case the term w
(i)
t−1 = 1/N is a

constant, which may thus be ignored.
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The bootstrap filter can be summarized as follows:

Algorithm 5 (The bootstrap filter).

1. At initial time t = 0.

(a) Sample x(i)
0 = x̃

(i)
0 ∼ p(x0) with associated weights w(i)

0 = 1/N .

2. For t = 1, . . . , T ,

(a) For i = 1, . . . , N , propagate particles: x̃(i)
t ∼ p(xt|x(i)

t−1), compute

weights:

w̃
(i)
t = p(yt|x̃(i)

t ).

(b) Normalise weights: w(i)
t = w̃

(i)
t /

∑N
i=1 w̃

(i)
t , i = 1, . . . , N , compute

filtering estimate (on-line filtered estimate): h̄t =
∑N
i=1w

(i)
t ht(x̃

(i)
t ).

(c) Resample according to weights {w(i)
t }1≤i≤N , and set x(i)

t = x̃
(ji)
t

and w(i)
t = 1/N , i = 1, . . . , N .
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(3) Auxiliary sampling

The auxiliary particle filter (APF) of Pitt and Shephard (1999, 2001) is

a popular algorithm that is simple to implement and works well in many

cases. They approximate the incremental target distribution in (102)

with the importance distribution

p(yt|xt)p(xt|xt−1) ≈ g1(yt|xt)g2(xt|xt−1)

= g1(yt|xt−1)g2(xt|xt−1, yt) (105)

The proposal distribution in (105) is decomposed into two parts implying

that the sampling of new values {x(i)
t }Ni=1 from this distribution can

potentially be performed in two steps.
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The APF is given as follows:

Algorithm 6 (Auxiliary Particle Filter (APF)).

1. At initial time t = 0.

(a) Sample x̃(i)
0 ∼ g2(x0), for i = 1, . . . , N .

(b) Compute importance weights w(i)
0 = w̃

(i)
0 /

∑N
i=1 w̃

(i)
0 , where

w̃
(i)
0 =

p(y0|x̃(i)
0 )p(x̃

(i)
0 )

g2(x̃
(i)
0 )

, for i = 1, . . . , N .

(c) Resample if necessary.

2. For t = 1, . . . , T ,

(a) For i = 1, . . . , N , compute τ (i)
t−1 = g1(yt|x̃(i)

t−1) and normalize v(i)
t−1 =
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τ
(i)
t−1∑N

j=1 τ
(j)
t−1

.

(b) Select N particle indices ji ∈ {1, . . . , N} according to weights

{v(i)
t−1}Ni=1. For i = 1, . . . , N , set x(i)

t−1 = x̃
(ji)
t−1 and set first stage

weights

u
(i)
t−1 =

w
(ji)
t−1

v
(ji)
t−1

.

(c) For i = 1, . . . , N , propagate particles: x̃
(i)
t ∼ g2(xt|x(i)

t−1, yt),

compute weights:

w̃
(i)
t = u

(i)
t−1

p(yt|x̃(i)
t )p(x̃

(i)
t |x(i)

t−1)

g2(x̃
(i)
t |x(i)

t−1, yt)
=

p(yt|x̃(i)
t )p(x̃

(i)
t |x(i)

t−1)

g1(yt|x̃(ji)
t−1)g2(x̃

(i)
t |x(i)

t−1, yt)
.

(d) Normalise weights: w(i)
t = w̃

(i)
t /

∑N
i=1 w̃

(i)
t , i = 1, . . . , N , compute

filtering estimate (on-line filtered estimate): h̄t =
∑N
i=1w

(i)
t ht(x̃

(i)
t ).
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6 Score-Driven Models

6.1 Basic GAS model

Let {yt} be a time series and Ft = {yt, yt−1, . . .} be available

information up to t. Creal et al. (2013) proposed the framework

of Generalized Autoregressive Score Models (GAS) under a general

conditional distribution p(yt | Ft−1), which can be parameterized as

yt | Ft−1 ∼ p(yt | ft, θ), (106)

• ft is the time-varying parameter of interest which fully characterizes

p(·) and only depends on Ft−1;

• θ is a collection of static additional parameters.
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Furthermore, the time-varying parameter ft is assumed to follow the

familiar autoregressive updating equation

ft+1 = ω +

p∑

j=1

Ajft−j+1 +

q∑

j=1

Bjst−j+1, (107)

where ω is a vector of constants, Ai and Bj are coefficient matrices. In

(107), st is a vector which is proportional to the score of (106):

st = St∇t (108)

where St is a positive definite scaling matrix known at time t and

∇t =
∂log p(yt | ft, θ)

∂ft
(109)

is the score of (107) evaluated at ft.
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Creal et al. (2013) suggest to set the scaling matrix St to a power γ > 0

of the inverse of the information matrix of ft to account for the variance

of ∇t. More precisely:

St = I−γt and It = Et−1 [∇t∇′t] (110)

where the expectation is taken with respect to the conditional distribution

of yt given Ft−1.

• The additional parameter γ is fixed by the user and usually takes

values 0, 1/2 or 1.

•When γ = 0, St = I and there is no scaling.

• If γ = 1 (γ = 1/2), the conditional score ∇t is premultiplied by the

inverse of (the square root of) its covariance matrix It.
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6.2 Special cases of GAS models

(1) Regression model:

yt = x′tβt−1 + εt, εt ∼ N(0, σ2),

where xt is a k × 1 vector xt of exogenous variables, βt−1 is a k × 1

vector of time-varying regression coefficients.

Let ft = βt. The scaled score function based on St = I−1
t is given by

st = (x′txt)
−1x′t(yt − x′tft−1) = (x′txt)

−1x′tεt.

The GAS(1,1) specification for the time-varying regression coefficient is

ft = ω +A0st +B1ft−1 (111)
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In case xt ≡ 1, the above equation for the time-varying intercept

reduces to the EWMA recursion by setting ω = 0 and B1 = 1, i.e.

ft = ft−1 +A0(yt − ft−1).

In this case, we obtain the observation driven analogue of the local level

(parameter driven) model,

yt = µt−1 + εt, µt = µt−1 + ηt,

see Durbin and Koopman (2001, Chapter 2).
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(2) Unobserved component models

Consider a two component decomposition of a time series {yt}. Let

ft = (f1t, f2t) be the vector of decomposed components.

For this decomposition we obtain the GAS(1,2) model with observation

model

yt = f1,t−1 + f2,t−1 + εt, εt ∼ N(0, σ2),

The updating equation is specified as

ft =

[
ω

0

]
+

[
α1

α2

]
st +

[
1 0

0 φ1

]
ft−1 +

[
0 0

0 φ2

]
ft−2.

The scaled score function is given by

st = yt − f1,t−1 − f2,t−1 = εt
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This GAS decomposition can be regarded as the observation driven

equivalent of the UC models of Watson (1986) and Clark (1989), who

also aim to decompose macroeconomic time series into trend and cycle

factors.

The UC trend-cycle decomposition model is then given by

yt = f1,t + f2,t

f1t = ω + f1,t−1 + a1ξ1,t, ξ1,t ∼ N(0, 1),

f2t = φ1f2,t−1 + φ2f2,t−2 + a2ξ2,t, ξ2,t ∼ N(0, 1),

where the disturbances ξ1,t and ξ2,t are mutually and serially

independent.
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Example 5. Trend-cycle illustration: estimated cycles from the GAS and UC trend-

cycle models based on quarterly log of U.S. real gdp from 1947(1) through 2008(1).
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Figure 1: Trend-cycle illustration: estimated cycles from the GAS and UC trend-cycle models based on quar-

terly log of U.S. real gdp from 1947(1) through 2008(1). NBER recession dates are indicated by the shaded

regions.

Harvey and Jaeger (1993). Regression and intervention effects can also be incorporated in the

GAS specification. Since the resulting GAS models are equivalent to single source of error

models, we refer to Ord, Koehler, and Snyder (1997) for a more detailed discussion on this

class of models.

Time-varying higher order moments

Following the empirical successes in GARCH modeling, many authors have suggested further

generalizations, in particular to the model with Student t errors. Hansen (1994) proposed

to allow the degrees of freedom parameter to be time-varying. Harvey and Siddique (1999),

Jondeau and Rockinger (2003) and Brooks, Burke, Heravi, and Persand (2005) consider models

with time-varying skewness and kurtosis. We develop a t-GAS(1, 1) model for yt = σt−1εt

where εt ∼ tνt . The error term is scaled to have unit variance such that σ2
t−1 is the conditional

variance while νt is the time-varying degrees of freedom parameter. Define the vector of factors

as ft = (σ2
t ,− ln

{
b−a
νt−a

− 1
}

) where the latter factor is the inverse of the logit transformation

which is used to keep νt in the interval [a, b]. In our empirical work, we select the interval

9
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More GAS models with Python examples are released in

https://pyflux.readthedocs.io/en/latest/gas.html.
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