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e Reference:

— “Analysis of Financial Time Series”, 2010, Tsay, Chapter 11.
— Hamilton, 1994 “State-Space Models”, Handbook of Econometrics,

Volume 4, chapter 50.

e Outline:

— State space representation

— Kalman filtering for linear Gaussian SS models
— Approximate filtering for nonlinear SS models
— Mixed-frequency model and applications

— Sequential Monte Carlo filtering*

— Score-driven models
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The main applications of state space models in macroeconomics and
finance have dealt with the following topics.

e The extraction of signals such as trends and cycles in macroeconomic
time series: see Watson (1986), Clark (1987), Harvey and Jaeger
(1993), Hodrick and Prescott (1997), Morley, Nelson and Zivot (2003),
Proietti (2006), Luati and Proietti (2011).

e Dynamic factor models, for the extraction of a single index of
coincident indicators, see Stock and Watson (1989), Frale et al.
(2011), and for large dimensional systems (Jungbacker, Koopman
and van der Wel, 2011).
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e Stochastic volatility models: see Shephard (2005) and Stock and
Watson (2007) for applications to US inflation.

e The class of dynamic stochastic general equilibrium (DSGE) models:
Sargent (1989), Fernandez-Villaverde and Rubio-Ramirez (2005),
Smets and Wouters (2003), Fernandez-Villaverde (2010).

e Term structure of interest rate: Diebold and Li (2006)

e Mixed-frequency data models: mixed-frequency dynamic factor
model by Mariano and Murasawa (2003), and mixed-frequency VAR
model by Mariano and Murasawa (2010).
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1 Linear Gaussian State Space Models

1.1 State space expression

The general representation of linear Gaussian state space models
(Harvey, 1991) can be formulated as:

Yy = H; & + di + uy (1)
nx1 nXxXrrxl nx1 nx1
& = Fi&at e+ v (2)
rx1 rXr rxl1 rx1 rx1

where the disturbances u, and v, are such that:

U ~ N(O, Rt ), V¢ ~~ N(O, Qt), COV(Ut’Ut) = 0. (3)

nxn rXr

Equation (1) is the observation equation or measurement equation; and
equation (2) is the state equation or transition equation.
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It should be noticed that:

1. The covariance matrices R; and Q; may be not full rank and thus
singular;

2. It is often assumed that the innovations w; and v, are not correlated.
If they are correlated, the reader are referred to another state
space form advocated by Koopman, Shephard and Doornik (1999,
Statistical algorithm for models in state space using SsfPack 2.2) and
Durbin and Koopman (2002)’s book.
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Time-invariant parametric models

In particular, if all matrices do not depend deterministically on ¢ the state
space system is called time invariant. This can be rewritten as

vy = H & + d + u (4)
nx1 nXrrxl nxl nxl1
& = F &1+ ¢ + v (5)
rx1 rXr rx1 X1 prxi1

COV(’U,t’UJt) = R , COV(’Ut’Ut) = Q y COV(’U/t'Ut> = 0.

nxn rXr

e The state space representation is completed by specifying the
behavior of the initial state &y ~ N(ag, Py).

e Under the weak stationary assumption of y,, the unconditional mean
of &, ag, may be determined using aq = E[&] = (I, — F) e
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e Similarly, the unconditional variance of &;, Var(&,) may be determined
analytically using

vec(Py) = (I,2 — F @ F) 'vec(Q).

Here vec(P,) is an r? x 1 column vector. It can be easily reshaped to
form the r x » matrix P,.
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Examples
(1) AR(p) process

Consider the AR(p) process

Yt = U+ Ty, Tp= ¢1£Ut—1 + - Cbpil?t—p + €&, Ep N(Oaag‘)

One way to represent AR(p) in state space form is as follows. Define

& = (x4, x4-1,-..,T1—ps1) SO that the transition equation for £, becomes
. b1 Gpe1 Op| o] (e
Ti_ 1 0 0 Ty 0
t—1 | _ t=2|
| Tt—pt1]| 0o - 1 0] [Zt—p] |0
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The transition equation system matrices are

¢1 - Pp-1 ¢p_ Ug
r - - 0 0 0
F = ’ C = Op><17 Q —
0o - - 1 0 0 0 -+ 0
The measurement equationis y; = u+ (1,0, ...,0)&;:, which implies that

H=(1,0,...,0), d=pu, R=0.
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(2) ARMA(p, q) model

The general ARMA(p, ¢) model
Yt = P1Ye—1+ -+ OpYr—p + e + 01601+ -+ 0460, €t~ N(O, 03)

may be put in a state space form in the following way. Let m =
max(p, q + 1) and rewrite the ARMA(p, ¢) model as

Yt = 01Yt—1+ -+ OmYt—m + ¢ + 01601+ -+ O—16t—m—+1,

where some of the AR or MA coefficients will be zero unless p = ¢ + 1.
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Harvey (1994, Section 4.4) provides a state-space form with an m-
dimensional state vector &;, the first element of which is vy, that is
£1: = y¢. The other elements of &; are obtained recursively.

For the ARMA(m, m — 1) model, we have
™m m—1
§1,641 = Y41 = O1yt + Z OjYt+1—j5 + Z Ojctr1—j + €t41
j=2 j=1

= ¢1&1e + Eor + 4,

-1 .
where &9 = Z;’LQ OiYt+1—5 + Z?”Zl 0ict+1—4, N+ = €141, and as defined
earlier glt = Y¢-
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Focusing on &2 41, We have

m m—1
o401 = DilYira—j+ Y Oj€tsa;

m m—1
= 2yt + Z PjYty2—j + Z Ojctia—j+ 018141
j=3 j=2

= @281t + &3¢ + 011

1
where &3¢ = 3 s diyira—j + D iy Ojctya—j.

Chapter Six State-Space Models (©) 2026 Tingguo Zheng

13



Next, considering &3 41, we have

m m—1
E3041 = OiYers—j T Y Ojctys—

m m—1
= g3y + > bivirs—j+ Y Oiers_j + bogrp
j=4 j=3

= 93811 + Ear + Oamy,

1
where £y = Z;n:él PjYt2—j + 2723 Ojet+a—j-
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Repeating the procedure, we have

gmt — Z gbjyt—{—Q -7 + Z 0; jEt4+2—5 = ¢myt—1 + Hm—lgt-

J=m—1

Finally,

gm,t—i—l — Qbmyt + Hm—lgt—i—l

— ¢m€1t + em—lnt~
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Define

Yt
£, — G2yt—1+  + OmYt—ma1 + 016+ + 018 ma2
L=
i OmYi—1 + Om—1€¢
and set
Yy = [1 0 --- 0]&
6 1 0 - 0 1
o 0 1 --- 0 01
& = ; A A T S o
¢m-1 0 0 - 1 Orn—2
&m0 0 -+ 0 Orm—1
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(3) Stochastic volatility

Define a simple time-vary variance process as:
Yt = Ot&ty, &t N(07 1) (6)

In a stochastic volatility model, h; = log o2, the logarithm of the variance,
behaves exactly as a stochastic process in the mean, such as random
walks or autoregression.

he =c+My_1+ G, G ~N(0,07) (7)

Taking the square and the logarithm, Equation (6) can be reexpressed
as:

In(y7) = he + In(e}). (8)
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A quasi-maximum likelihood (QML) estimator has been proposed
by Ruiz (1994) and Harvey et al. (1994) who approximate the
measurement equation disturbance term by a normal random variable
with the same mean

E[ln(e?)] = —1.2704
and the variance

Var[ln(e?)] = 72/2.

Note: If x is a standard normal random variable, i.e. x ~ N (0, 1), then the variable
y with log-squared transformation of x is defined by

y = In(z?).

So the density of y is
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Figure 1 Log-chi-square density and its normal approximation.
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(4) Time-varying coefficients

Specify a simple market model modified by using time-varying
coefficients:

Ry = ay + BBt + &4

Qp = Qg1 + U1y (9)

By = Bi—1 + vay

where R; return on an individual security, R,,; is return on the market,
and the coefficients follow a random walk.
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The observation equation is:

The state equation is:

HE s

+ &¢

(10)

(11)
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(5) Dynamic factor models

Suppose we have two stationary variables, y1;, and y»; with a common
component c;:

Y1t = VY1Ct 1+ Z1¢,

—h
g £ &R

Yot = V2Ct 1+ Zo2t,

Ct = P1C1—1 + Uy,

e N T
—h

Zit = QZit—1 T €it, 1= 1,2,

where ey, es, and v, are independent of one another.

Stock and Watson (1991) employ a general version of the above
dynamic factor model to extract an coincident index from four coincident
economic variables.
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Then, a state-space representation of the above model is given by

Measurement Equation
1 0 “
Y1t 71
— 21t (1 6)
Yot v 0 1
22t
Transition Equation:
Ct le 0 0 Ct—1 V¢
zie | =1 0 a1 O Z14—1 | T | e (17)
2ot 0 0 oo Z2.t—1 €2t
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(6) A common stochastic trend model

Hai, Mark, and Wu (1996) consider the following common stochastic
trend model for the spot and forward exchange

Y1t = 2t + T1t, (18)
Y2t = Zt + T2, (19)

2 =21+, &~ id.dN(0,02), (20)
Tt = 1 + Q1171 t—1 + P12T2t—1 + €1t + O11e14—1 + O12e2:—1, (21)
Tor = Mo + $21%1t—1 + P20T2 -1 + €2t + 02161 41 + O22e21—1, (22)

where

0 2
U ) iidN T,
€t 0 021 09
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z¢ IS @ common stochastic trend and the stationary component x;; and
xo; are assumed to be generated by a vector ARMA(1,1) process.

A state-space representation of the above model is given by

Measurement Equation

_ . _
L1t

Y1t 1 1.0 0 O

— L2t (23)

Y2t 1 01 0 O
€1t
- 62t —
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Transition Equation:

| [ o] 1 0 0 0 0 %1

T1t 1 0 @11 @12 011 Oi2 X1 t—1

T2t — | M2 0 @21 @22 021 022 T2 t—1

€1t 0 O 0 0 0 €1,t—1

| e | I ] I 0O O 0 0 0 €2.t—1
100
01 0]/ e |
0 0 1 ey (24)
0O 1 O €t
00 1|
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(7) GDP decomposition

A classic trend/cycle decomposition model is given as follows:

Y = Tt + ¢ (25)
Tt = Te—1+ gr—1 + Uy (26)
gt = gc + Agi—1 + w, (27)
Ct = P1Ci—1 + Paci—2 + vy (28)

where y; is log GDP; 7; is its trend component follows a random walk
with a stochastic drift or growth rate which is an autoregressive process;
c; I1s the cycle component.

When \ = ¢, = 0, this becomes the Watson (1986) model.

When gc = 0 and A = 1, this becomes the Clark (1987) model.
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Write equations
equation is:

25

28

in the state space form, the observation

Tt
Ct
ye=I1 1 0 0 (29)
Ct—1
| 9t
The state equation is:
) Tt ] I 1 0 0 1 Tt—1 ] V¢
Ct _ 0 ©1 wa 0 Ct_1 n Uy (30)
Ct+—1 O 1 O O Ct+—92 0
| gt _ i O O O )\ gt—l i gc Wy
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(8) BSM model in STAMP

The basic structural model (BSM) is formulated in terms of trend,
seasonal, and irregular components. It can be represented by

yt:Tt—l-’}/t—l—gt, EtNi’idN(O,O'g), (31)

where 7 Is a stochastic trend, ~; is a stochastic seasonal component,
and ¢, Is an irregular component; see Harvey (1989).

The trend is specified in the following way:

Te = Te—1+ Be—1+ 0, N ~ itdN (0, 0727) (32)
Be = Br—1+C, G ~ idN (0, 0?), (33)

where (; is the slope, n; and (; are assumed to be mutually independent.
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The seasonal component ~; is often specified in two ways such as
dummy-variable seasonality and trigonometric seasonality, see Harvey
et al. (1998) and Commandeur and Koopman(2007).

A time-varying dummy seasonal specification is given by

s—1
Y mi=e, (34)
1=0

where s is the seasonal length, ¢; is an i.i.d. normal variable with mean
zero and variance o2, i.e., e; ~ iidN (0, o?).

e In the limiting case 0% = 0, the seasonal effects are fixed over time.

e Commonly, s = 4 for quarterly data and s = 12 for monthly data.
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(10) Dynamic Nelson and Siegel model

Diebold and Li (2006) and Diebold, Rudebusch and Arouba (2006)
extend the model of Nelson and Siegel (1987) to a state space
framework and to estimate the factors of term structure of interest rate.
We often call this the dynamic Nelson and Siegel model.

The measurement equation of the state-space form is

Y P\
Ye(T1) 1 1_)6171 i 1_)6171 1 AT _5 . e¢(T1)
= AT AT . 1,t
yt(TZ) 1 1 )6\7_2 2 1 ;7-2 2 e AT9 gt(TZ)
. Ba,¢ .
A .Y B3,
(7). 1 1_§Tn ™ 1_)6% ™ e_mn_ | M3t e4(Tn)

where 3+, B2 and Bs ; are the level, slope and curvature factors.

Chapter Six

State-Space Models (©) 2026 Tingguo Zheng



B1,t-1

The transition equation specifies the dynamics of the state variables

B, »1 0 O M.t
Bog| =10 @2 0| |Bor—1| + |12
| O3,¢ 0 0 @3] [Bse-1]| |M31]

) o2 0 0]
net| ~N 10,0 o5 0 :
3.t 0 O O'%

where we have restricted the transiiion matrix to be diagonal to reflect
the theoretical and empirical likelihood that the three factors exhibit little
correlation.
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2 Kalman Filter and Estimation

Reconsider the model:

Y+ = H ¢+ + d + u
nx1 nXxXrrxl nXx1 nx1
I = F wt_l—l— Cc —+ V¢
rx1 TXT rxl rx1l  rx1

Cov(uus)) = R, Cov(vwg) = Q, Cov(uvy) =0.

nxn rXr

Let the observed data obtained through date ¢ — 1 be summarized by

Fi1= (Y 1,Y5_9,---, Y1)

It iIs natural to obtain the one-step-ahead prediction density of y;
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conditional on F;_4

p(ye | Fio) = / p(ye | w)p(ae | Foor)dez,

where p(y: | x;) denotes the observation density implied by the
observation equation.

The prediction density of x; given F;_ is given by
p(xe | Feo1) = /p(wt | ei—1)p(Tp—1 | Fre1)dwi—q

where p(x; | x;_1) denotes the prediction density implied by the
transition equation.
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The filtered density of x; given by F; is given by

p(ye | e)p(e | Fi1)
p(y: | Fi—1)

p(xy | Fy) = o< p(Ys | ¢)p(Ts | Fio1)

by Bayes rule.

Based on the previous prediction and filtered densities, we can
implement a recursion from ¢ — 1 to ¢. If the input density p(x; 1 | Fi—1)
is Gaussian, then the output density p(x; | F;) is also Gaussian.

Note that the Gaussian density can be summarized by the
corresponding mean and covariance matrix.

This leads to the Kalman filter for the mean and mean-square-error of
the state and observation.
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The Kalman filter can be better demonstrated in three steps, though at
least the first two steps can be easily combined. The three steps are
prediction, updating, and smoothing.

(1) Prediction

It is noted that, based on information available at ¢ — 1, the state vector
&t Fi—1 ~ N(&tj¢—1, Pyje—1), where:

Erji—1 =  E(&|Fi—1) =F&_1-1+c, (35)
P,;_y = Var(&|Fi—1) =FP_ 1 F' +Q, (36)
where the input means &,_i:-1 = E(&§&-1|F—1) and variances

P,_y;_1 = Var(§—_1|F:—1) is assumed to be known at time ¢. These
two equations are known as the prediction equations.
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The prediction of y; conditional on F;_; can be inferred immediately
from (9):

Yiji—1 = By Fio1) = HEy—1 +d. (37)
Then the prediction error can be written as
=Yt — Ytjt—1 = H(&;: — £t|t—1) + Ut (38)

Since &;;—; is a function of F;_,, the term w; is independent of both &;
and & ;1.

Thus the conditional variance of (38) is

Et = Var(yt — yt|t—1|Ft—1) = HVar(ft\}"t_l)H’ + R
— HPt|t_1H/—|—R. (39)
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(2) Updating

First note that the conditional covariance between (38) and the error in
forecasting the state vector is

E{ly: — yeje—1)[& — €t|t—1]/|Ft—1} = H-E{|& — &—1]& — €t|t—1]/’-'rt—1}
HP,;

Thus the distribution of the vector (y;, &)’ conditional on F;_; is

Yi| Fi—1 N HE&; 1 +d
&t Fi—1 Ert—1
» Using this joint conditional distribution, our next purpose is to obtain

the distribution of &:;|F;, or &l|y:, Fi_1. So we apply the following
theorem:

HP,, H+R HP,;_,
B T : & Py
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Theorem 1 (Gaussian Conditioning Theorem). Let z; and z, denote
(n1 x 1) and (ne x 1) vectors respectively that have a joint normal

distribution:
[m]NN< )
22

Then the distribution of z; conditional on z, is N ()1, X22)1) Where

21 o
o1 o9

H1
2

Y

poj = E(z2|21) = p2 + B2 (21 — p1)(40)

digon = E[(z2 — M2|1)(Z2 - H2|1)/|Z1] = 299 — E2121_11212- (41)

Remark: Thus the optimal forecast of z, conditional on having observed
z1 IS pojq, While the mean squared error of this forecast is Xog);.
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Proof. We have

det(Z) = det(le) det(ZQQ — 22121_11212) = det(Ell) det(222|1).

SO fou(z2|21) := fﬂii)

(27) "% det(2) /% exp {—%(z — )= (z — u)}

1 _
(2)—m1/2 det(X11) " 1/2 exp {—§(z1 — ul)’lel/Q(zl — y,l)}

2(277)_”2/2 det(222|1)_1/2

<exp {3 [(z = ' — ) = (21— ) i (31— )] |

2

where the term (z — )’ S 7' (z — p) — (21 — 1)’ (21 — p1)

= [z2 — 2 — T01 37} (21 — )] T[22 — po — STy (21 — )]
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We have

Bll B12
B21 B22

where

B =3 + 2 Z1(Z0n — T2 T) ' Ea 2

=%, + I, B0, S Dy,

By = — 3, 512(Zo2 — BBy Tia)
- = 21_1121222_21|1

B = — (X992 — 22121_11212)_122121_11
- 22_21|122121_11

By :=3,,,.
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So

(2 —w)S 7 (z —p) — (21 — m)'= (21 — 1)

=(z1 — M1>/21_1121222_21|122121_11(zl — 1) — 2(2z1 — Nl)/21_1121222_21|1(z2 — p2)
+ (22 — M2)/22_21|1(z2 — W2)

= (22 — 12) o (22 — p2) — 2(21 — 1) iy Zn Ty (22 — o)
+ [22121_11(21 — Nl)} / 22_21|122121_11(zl — 1)

/
= [(22 — p2) — T2 (21 — Ml)] Sl [(Zz — p2) — a2 (21 — Ml)] :
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Results from the theorem: It then follows from (40) and (41) that
&\ Fr = &ilye, Fi—q is distributed N (&, P;:), Where

Eie = E(&|F) = &1 + Kimy, (42)
Pt|t = Var(&|F) = Pt|t—1 — KtHPt|t—17 (43)

where the quantity
K; = Pt|t—1H/Et_1 = P, H'(HP,,_1H + R)™",

which is also called the Kalman gain.
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Kalman Filtering

Taken together (39), (39), (42) and (43) make up the Kalman filter.

If desired they can be written as a single set of recursions going directly
from &;_;—; to &, or, alternatively, from &;;_; to &;.1.. We might refer
to these as, respectively, the contemporaneous and predictive filter.

In the latter case
vt = F&pt+ce= F&p1+c+ FKyny (44)
The recursion for the covariance matrix (called as a Riccati equation)

Pw= F(Py_1—KHP,;_ ,)F'+Q. (45)
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Starting values

The starting values for the Kalman filter may be specified in terms of &,
and P or &;o and P;.

o If &, is stationary, we use the unconditional mean and unconditional
covariance matrix of &;

€= El&] = (I - F)"'c
vee(Py) = (I — F @ F) " vec(Q),

where vec(P,) is an r? x 1 column vector. It can be easily reshaped
fo form the r x r matrix P,.

e If &, is non-stationary, a diffuse prior is often used by setting Py = 1,
and letting the scalar « go to infinity.
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(3) Smoothing (for SSM with fixed parameters)
Given initial conditions &7 and Prjr from the Kalman filter.

We can recursively obtain & and Py, fort =7 -1,T7—-2,...,1,

Eir = BE(&|Fr) =&+ Xiel&rrir — Ervipe) (46)
P,r = Var(&|Fr) = P+ Xi(Pip1ir — Pivae) Y} (47)

where Y, = Pt|tF’Pt111|t-

Especially, at time ¢ = 0, we can get the estimates of initial state
Sor and Py,

which can be used to set as ag and Y.
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Derivation of smoothing algorithm

(a) Computing p(&;:, &:.1|F:), which is Gaussian and it suffices to
compute its mean vector and its covariance matrix

|t

€t+1|t
— We will use this when calculating the cross covariance:

— The mean vector is [ ] , where &, 1), = F&: + c.

Cov(&s, &r1|F) = E[(& — &uye) (Ee1 — Ergrpe) | F]
= E[(& — &) (F& + ¢+ v — Fé&y — )| F
— P, F.

F o N &t P, P,F' |
Eir1t| | F Py Pipap
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(b) Computing p(&:|&:11, Fr) = p(&:| &1, F¢) by Gaussian Conditioning
Theorem.

— The corresponding mean and covariance matrix are

E[€t|€t—|—1a ]:T] — E[€t|€t+1a ]:t] — €t|t T Lt(€t+1 - €t+1|t)
Cov(&t|€t+1, Fr) = Cov(&i|€s41, Fr) = Pyy — L Pyyq i Ly,

where L, = P, FP, | ,.

— Hence we have

£t‘£t+l7fT ~/ N (£t|t —|_ Lt(£t+1 - £t_|_1|t), Pt|t - LtPt—|—1|tL:§> .
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(c) Computing p(&:|Fr)

— Two properties are used:
(c.1.) Law of lterated Expectation (Tower Property):
E|Z|X] = E|F|Z|Y, X]|X].
(c.2.) Law of Total Conditional Variance:
Cov[Z|X]| = Cov[E[Z|Y, X]|X] + E[Cov[Z|Y, X]| X].
—-lLetZ =¢,Y =&:.1, X = Fp, and apply the above two properties.
» First, we compute the smoothed mean

& = El&| Fr) = EE[&|& 41, Fr)| F1)]
= E&t + Li(&+1 — &) | F1)

= )t + Li(&eryr — Ert11t) -
=~ h ~~ d
filtered estimate correction term
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» Second, all that remains is to apply the law of total conditional
variance to find P, r:

P, jp = Cov[&|Fr]
= Cov|E[&t|&t+1, Frl|Fr] + E[Cov[&e|&tv1, Frl| Fr]
= Cov|&t + Li(&+1 — &rr11e) | F1| + B[Py — LtPt+1|tL:5’fT]
= L,P, 7Ly + (Py; — Ly P11 Ly)

/
= Py + L(Py1y7 — Pryap) Ly -
N\ s N\ V _J/
filtered estimate correction term
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(4) The Lag-One Covariance Smoother *

For the state-space model, with K;, X; (t = 1,...,T) obtained from
before, and with initial condition

Prr_yr = Cov(&r,&r—1 | Fr)
= (I — KTH)FPT—HT—D

we have thatfort =T —-1,T —2,...,1,

P, 117 = Cov(&,&—1 | Fr)
— Pt|tT;§—1 ‘|‘ Tt(Pt—l—l,ﬂT - FPt|t)T2_1.

The proof is given in Chapter 6 in Shumway and Stoffer (2006).
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1.3 Prediction

As regards multi-step prediction, taking expectations, conditional on the
information at time T', of the transition equation at time T + h yields the
recursion

Ersnr = Férynr+e, h=1,2,3,... (48)

with initial value &7 . Similarly,
PT—i—h|T = FPT+h_1|TF/—|—Q, h — 1,2,3,... (49)

Thus &7y, and Pry,r are evaluated by repeatedly applying the
Kalman filter prediction equations.
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The MMSE of yr,, can be obtained directly from &7, 7. Taking
conditional expectations in the measurement equation for y,. 5 gives

Yrinr = E(Yyrn|Fr) = H{pypr+d, h=1,23,... (50)
with MSE matrix

MSE(§rin7) = HPpr yrH' + R, h=1,2,3,... (51)

When the normality assumption is relaxed, yrp, 7 and MSE(YrinT)
are still minimum mean square linear estimators.
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2.4 Maximum likelihood estimation

The joint density function for the T' sets of observations, y1,...,yr, is
T
p(y1,- - yr;0) = | [ p(yel Fir) (52)
t=1

where p(y:|F:_1) denotes the distribution of y; conditional on the
information set attime ¢t — 1, thatis, /1 = {y:+—1,.-., Y1}

In the Gaussian state space model, the conditional distribution of y; is
normal with mean y,;_; and covariance matrix ;. Hence the prediction
errors or innovations,

Uy :yt_gﬂt—l NN(()?Et)v t = 17"'7T7 (53)

is serially independent with mean zero and covariance X,.
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Based on the predictive distribution of y;, the conditional density at time
tis:

/2—1
p(y| Fio1) = (27) /22|~ exp <_nt 5 77’5) (54)

where n; = y; — y;+—1, F¢—1 IS the information set at time ¢ — 1.

The parameters can be estimated by maximizing the log likelihood of
the density function:

nT

L(0) = ——-log(27) — Z {log |Ze| + (i, ')}

Estimated parameters and state variables can be obtained accordingly.
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2.5 EM algorithm for dynamic linear models

Shumway and Stoffer (1982) presented a conceptually simpler
estimation procedure based on the EM (expectation maximization)
algorithm (Dempster et al., 1977).

The basic idea is that if we could observe the states X =
{&o, &1, ..., &7} and the observations Y = {y1,...,yr}, then we would
consider { X, Yr} as the complete data.

The joint density for the complete data { X, Y7} is

T T
fo(Xr,Yr) = fay,5,(&0) H fr.q(&t|&t—1) H fr, R(Yt|&).
t—1 t—1
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Under the Gaussian assumption and ignoring constants, the complete
data log-likelihood can be written as

—2In Lx y(0) =In|Xg| + (& — a0)' S5 " (&0 — ao)

T
+TIn|Q| + Z(ét —F&_1)'Q ™ (& — F&y)

+T1n|R\+Z — H¢)'R™ Yy, — HE)

e If we did have the complete data, we could then use the results from multivariate
normal theory to easily obtain the MLEs of ©.

e However, we do not have the complete data, the EM algorithm gives us an
iterative method for finding the MLEs of ® based on the incomplete data, Y, by

successively maximizing the conditional expectation of the complete data likelihood.
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(1) Expectation step (E-Step):

To implement the EM algorithm, we write, at iteration j, (j = 1,2,...),
Q00 ™V) = B{-2InLxy(6)| ¥r,00 V]

Given ©0U—1) we can use the Kalman Smoother to obtain the desired
conditional expectations as smoothers. This yields

QO | O™y =1n S| + tr{=; " E[(&o—E&oir + Eoyr — a@0)(Eo—Eoir + Eopr — ao) | Fr]}

( )

Ve

T
+Thn|Q|+tr{ Q'Y E[ (& —F&_1)(& — Fé&) | Fr]
t=1

=£1&,—&4€)_(F/—F& & +F€& 1€ | F

Ve

T
—|—T1n|R[—|—tr<R_1ZE[ (ye — HE:) Syt—Hft): | Fr]

t=1 : e : e
- |nsert—H£t|T+H€t|T|nsert—H§t|T+H§t|T

aVa
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Using the facts that

BI&.&|Fr] = El&|Fr) BIE)1Fr] + Varl Frl = £yr€lr + Pur,
E[&& | Fr] = €t|T€7/g_1|T + P11,
El&1& 1| Fr] = &—111& 17 + Py

we have

QO | OVH) =In || + tr{Z5 ' [Py + (€oi7 — ao) (€07 — ao)]'}
+ TIn|Q| + tr{Q [S11 — S10F' — F S, + FSy,F']}
+T1n |R| (55)

T
+ tr {Rl Z[(yt — H€t|T)(yt — H€t|T)/ + HPtTH/]} )

t=1
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where

T T
S11 = Z(£t|T£7/5|T + Pt|T)7 S10 = Z<£t|T£1/5_1|T + Pt,t—llT)
t=1 t=1
T
Soo = Z(Et—1|T€£_1|T + P, _17)
t=1

In the above equations, the smoothers are calculated under the current
value of the parameters ©U—1); for simplicity, we have not explicitly
displayed this fact.
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(2) Maximization step (M-Step):

Minimizing (©5) with respect to the unknown parameter set, ©® =

{H, F,Q, R}, constitutes the maximization step.

At iteration j, for the parameters F' and @, this yields the updated

estimates,

FU) — S10S;,"
Q(J) — T_l(Sll — 5105&1510).

To develop estimators for H and R from the last term of

99

, 1t will

reduce to minimizing: 3., , E[(y: — H&)(y: — HE:)' | Y7, 0U~D] over

H and then evaluating R.
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Performing the first operation, we obtain
T
HY =% &5
Then, we can obtain estimator for R as:

RV =71 Z ye — HOE ) (ye — HY &) + H(J)PﬂTH(J) J.
=1

Finally, the updates for the initial mean and covariance matrix are

= &yr and Eéj) = (&o|7 — a(()j))(50|T - aéj))’ + Py
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EM algorithm:

1. Initialize the procedure by selecting starting values for the parameters
@(O) — {a'Oa 207 F7 Q7 H7 R}

On iteration j, ( = 1,2,...):

2. Run the Kalman filter and smoother, and compute the incomplete-
data likelihood, —In Lz(©U—1).

3. Perform the E-Step.
4. Perform the M-Step.

5. Repeat Steps 2 - 4 to convergence.
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3 Approximate Filters for Nonlinear SS Models

3.1 Extended Kalman Filter

Consider next a multidimensional normal state-space model

y: = h(&)+d+uy, (56)
& = @(&—1)+c+ vy, (57)

where v; ~ 4.9.d.N(0,Q) and u; ~ i.i..d.N(0,R). Suppose ¢(-) in
o/) is replaced with a first-order Taylor's approximation around &;_;1 =

£t—1|t—15

§ =y + Py (&—1 — E—1)t—1) + ¢+ vy, (58)
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where

OD(E;_
O = d(&—1i—1), P = 922_11)

If the form of ¢ and any parameters it depends on are known, then the

§t—1=84_1)t—1

inference &,;, can be constructed as a function of variables observed at
date ¢ through a recursion to be described in a moment.

Similarly the function h(-) in (56) can be linearized around &;;_; to
produce

Yy = hy + Hy - (& — &pe—1) +d + uy. (59)

where
Oh(&:)

/
agt §t=&¢|t—1

h; = h(£t|t—1)7 H; =
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Treat (58) and (59) as if they were the true model, then the extended

Kalman filter is implemented as follows:

Eijp—1 = P(&—1—1) +C (60)
Py_1 = &P_;,_ 1% +Q (61)
Yijt—1 = hi+d="h(Ep—1)+d (62)
M = Y — Yepe—1 = Hi(& — Epe—1) + uy (63)

> = HtPt|t_1H£ + R (64)
& = Epo1 + Py Hy(HPy,_1Hy + R) ' (65)
Py = Py..,— Py H(HPy, H+R)"HP,,_, (66)
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3.2 State Space Models with conditional heteroskedasticity

We consider the following state-space model with ARCH disturbances
proposed by Harvey, Ruiz and Sentana (1992):

Yy = HE +d+u+ A (67)
& = F&_ 1+ c+ v+ dwy (68)
Uy ~~ N(O, R), UVt ~~ N(O, Q), (69)

where Aisnxland Ais k x 1, and ¢, and w; are 1 x 1. The ARCH
effects are introduced via the following scalar disturbances:

€t|It—1 ~ N(O, hlt): hit = ap + oqe?_l,

wi|llp—1 ~ N(0, ha), hot =0+ ”Ylw?_l-
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olf A = 0 and A\ = 0, then there is no ARCH effect and the model
reduces to the usual time-invariant model.

e |f the first element of A is nonzero with the others being zero, only the
first shock in the mesurement equation is subject to an ARCH effect.

o If all the elements of A are nonzero, then all the shocks in the
measurement equation are subject to a common ARCH effect.

e The same argument applies for the transition equation.

e If we define u; = u; + Ae; and vy = v + Awy, then we have u;|l; 1 ~
N(0,R;) and v/|I;_1 ~ N(0,Q;), where

Rt — R + AhltA/ and Qt — Q + )\hgt)\/.
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Difficulty in Kalman filter

Erjt—1
P4

F&_ -1 +c

FPt—1|t—1F/ + Q + Mg\

Y — H£t|t—1 —d

HP,;_H + R+ Ahy\
Eije—1 + Pt|t—1H2t_1"7t
Py_1— Py HE'H'Py;_4

However, we need to calculate hy; = ag+ ar€? | and hgy = g + y1w?_ 4,

which are functions of the squares of past unobserved shocks ¢ ; and

w? . Thus, the above Kalman filter is not operable.
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Approximate Kalman filter

Harvey, Ruiz and Sentana (1992) solve the problem of unobserved ¢?
and w?_, by replacing them with their conditional expectations:

hi: = ag + O‘lE[E%_l‘It—l] and ho; = Yo + 71E[wt2_1|ft_1].

To get the conditional expectations of €2 ; and w? ;, Harvey, Ruiz and
Sentana augment the heteroskedastic shocks into the original state
vector in the transition equation as follows:

_Et_ _c- _F 0 O_ —€t—1— _I 0 )\- _fvt_
€t | — O+ 10 0 O €t—1 + [0 0 €¢
Wi 0 0 Of |wes 0 Wy

(& = + F'&§  + Goy)

Chapter Six State-Space Models (€©) 2026 Tingguo Zheng 70



where

Q 0 0
Elojv/'|li-1]= |0 hy; 0 |=Q;
0 0 hoy

The measurement equation should be replaced by

Yy = {H A O} €¢ —I—d—l—ut, ’U,tNN(O,R)

Chapter Six State-Space Models (©) 2026 Tingguo Zheng



Applying the Kalman filter recursions to the model, we have

Eier = F& i+ C
fNe-1 = F*Pt*—1|t—1F*/ +G*Q;G”
n = y—-HE), | —d
IS ) tTt—lH*/ + R
€Z‘|t - €;5k|t—1 T ZTt_1H*2§f_1772<
t>l|<t — tTt—l - tTt—lH*E:_lH*, t>l|<t—1

In the Q} matrix,

hit=ag+ o Eles_|I,_1] and  ho = vo + 1 Ewi_ (|I;_1].
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It is easy to show that

Ele;_1|I;-1] = Eler—1|Li—1]° + E[(e1—1 — Eler—1|Li-1])?],

Elw;_|It-1] = Elwi—1|L-1]* + E[(wi-1 — Elwe—1|Ii-1])7],

where

e Fle;—1|l:—1] and E|w;_1|I;_1] are obtained from the last two elements

of & 11115

° E[(Et_l — E[Et—lut—l])2] and E[(wt_l — E[wt_1|lt_1])2] are obtained
from the last two diagonal elements of P;" , ;.
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Example 1 (TVP model with GARCH disturbances).

ye = Xe—1B8e + ¢,  ef|li—1 ~ N(0, hy)

B = Bi—1+v:, v~ N(0,Q)

« 2
hy = ap + are;_1" + aghy_1,
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3.3 State Space Models with Markov Switching

Consider the following state-space representation of a dynamic linear
model with Markov switching in both measurement and transition

equations:
y: = Hg& +ds, + uy, (70)
Et — FStEt—l + CSt + Vg, (71)
R 0
“) ~ N o . , (72)
Uy 0 QSt
St|St_1 ~ M&I‘kOV(P) (73)

where the transition probability matrix P = (p;;), pi; = Pr(S; = j|Si—1 =
i) satisfying that >3 | p;; = 1 for all 4.
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(1) Multiprocess Kalman filter

In derivation of the filtering and estimation of the model, we need to
solve two filtering problems.

We begin with the recursion between £§_Ht_1 (and P} _1pt—1) and £t|t

(and Pt‘7|t) Conditionalon S;_; =iand S; = 4,4, =1,..., M, we have
€§ft_1 = Fj&_ 11 +¢, (74)

Pti|i—1 — Fthi—1|t—1F( + Qj, (73)

Mo = Y- High ) —d;, (76)

S, = H; P;ﬁ H,+ R;, (77)

€§‘|7t — fift 1t P|t 1H/ [Et|t N 1771@&|jt 17 (78)

Pti[i = - Ptz|]t 1Hl[2t|t N 'H; )Pt|t 1° (79)
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To reduce the dimension of the estimation problem, a re-collapsing
procedure is suggested by Harrison and Stevens (1976) which
effectively provides re-approximation at each time t¢.

These approximations are given by

‘Z|t — E[€t|St:jath]

M
— ZPI'(St—l = i|S¢ = J, F1) E[&] St = J, Se—1 = 1, F4

1=1

= Zwﬂt £t (80)

Ptj|t = Zwﬂt Ptzﬁ t|t fi‘ft)( i|t—5§|jt)'}» (81)
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where

’wz‘rt = PI'(St_l — 7/|St — jaft)
_ Pr(Si1=1,5 = J|Ft)

: : 82
Pr(S; = j|F) (82)

ilt IS an inference about &; based on information up to time t given
S, = 4, and P’ is the corresponding mean squared error.

tlt
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(2) Hamilton filter

In equation (82), the probability terms Pr(S;_1 = ¢,5; = j|F;) and

Pr(S; = j|F) remain unknown. This leads to solving the second filtering
problem as suggested by Hamilton (1989).

Given the term Pr(S;_1 = i|F;_1) (fori = 1,2,..., M) at the beginning
of the t¢-th iteration, we can compute the joint density of S;_; = ¢ and
S; = 7 conditional on F;_1, that is

PI’(St_l = i, St = j‘Ft_1> = pz’j PI’(St_l = ’L"th_l) (83)

fori,j = 1,..., M, where p;; = Pr(S; = j|Si—1 = i) is the transition
probability.
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By Bayes’ theorem, we have

flye, Si—1 =14,5; = j|Fi—1)

Pr(S;_1 =1,5 = j|F:) = 84
( t—1 t ]‘ t) (yt’}.t 1) ( )
(yt\st 1=1%,9t = J, Fi— 1)PI‘(St 1 =1, St—]|~7:t 1)
(yt|JTt 1)
where
P
1 ”'713_ E”_ 1,,713
f(yt‘st—lzi,st:jyft—l) _exp{ — t|t 1( t|t2 1> tjt—1 ,
(2m)5|2,_ |2

and so the conditional likelihood function at time ¢ is given by

M M
f(ye| Fi—1) Z ZPI‘(St—l = 1,5 = Jj|Fi—1) f(Ye|Si—1 = 1, 5S¢ = J, Fi—1).
71=1 =1
(89)
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For given parameters of the model, the Kalman filter provides us with
the forecast error ("72|jt_1) and its variance (Eift_l) as by-products.

Also, the filtered density of .S; based on the information up to time ¢ is
given by
M
PI’(St — ]|Ft) — ZPT(St—l — ’I:, St — j’ft) (86)

=1
Then we finish the second recursion between Pr(S;_1 = |F;_1) and

PI‘(St — ]|Ft)
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(3) Kim’s (1994) filter

Kim’s (1994) filter for the state-space model with Markov switching may
be viewed as a combination of the Kalman filter and the filter provided
by Hamilton (1989) along with appropriate approximations.

The Kim’s (1994) filter consists of the following steps:
Algorithm 1 (Kim filter).

1. Run the Kalman filter given in the Egs. (/4) to

P

79) fori,j=1,..., M.

2. Calculate Pr(S;, = j,Si—1 = i|F) and Pr(S, = j|F) for i,j =
1,.... M.

3. Using these probability terms, collapse the (M x M) posteriors in the
Eqgs. (78) and (79) into (M x 1) using the Egs. (80) and (81).
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(4) Log-likelihood

As a by-product of running the above Kalman filter, the conditional log-

likelihood function can be obtained from step 2 using the equation (85).

The sample conditional log-likelihood is

L(0) = Z log f(yt|Fi—1)

T (
— Zlog < ZPI(St—l p— i, St p— j‘ft—l)f(ytlst = j’ St—l — 7:7Ft1)}

1 X 2,7

(27)2|2Y 2

D N T

1
.y 2
t=1 L %] t|t_1|

where i,j € {1,..., M}.
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(5) Smoothing algorithm

e Once parameters are estimated, we can make inferences about S;
and &; by using the entire information in the sample Fr, that is we
can determine Pr(S; = j|Fr) and & fort =1,2,...,T.

e For this, consider the joint probability of the event that S; = j and
Si11 = k based on all information from the full sample:

PI‘(St = j, St_|_1 == k|JrT) = PI’(St_|_1 — ]f|JTT) X PI‘(St = j‘st—l—l = ]C,FT)

== PI‘(SH_l = k’|FT) X Pr(St — j|St—|—1 — k?‘Ft)
Pr(S; = 7, Stv1 = k| F3)
Pr(Si+1 = k|Ft)
Pjk PI’(St — j|~7:t)
Pr(Si+1 = k|Ft)

= PI‘(St_H = k|.FT) X

= PT(St+1 = k|FT) X (87)
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and

M
Pr(S; = j|Fr) = ) Pr(Si=j,Su1=k|Fr). (88)
k=1

e Keeping EQ.(87) In mind, we now turn to the derivation of the

smoothing algorithm for the vector &;.

e Given that S; = 5 and S;.1 = k, the smoothing algorithm can be
written as follows:

1,k ' ),k ),k

éifT ) — £§|t - ‘rij )(€f+1|T - £t(il|>t)’ (89)
i K . i k i ke i k /

PyY = Pl +17Y(PE, - PUIHYTTY (90)

where Y% = P}, F] [Pt(j’ﬁi]—l.
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Since Pr(S; = j|Fr) does not depend on &1, we can first calculate
smoothed probabilities which we can use then to obtain smoothed
values of &;, i.e. &r.

So the above smoothing algorithm can be performed by applying the
following approximation approach:

Algorithm 2 (Smoothing algorithm).

1. We run through the basic filter and store the resulting sequences
&), PD €, P Pr(S, = j| Fisy) and Pr(S; = j| 7).

tlt 7 tlt t|t?

2.Fort =T —1,T — 2,...,1, we obtain the smoothed probabilities
Pr(Sy = 7, St+1 = k|Fr) and Pr(S; = j|Fr) according to (87) and (88
and save these. Here, Pr(St = j|Fr), the initial value for smoothing,
is given by the final iteration of the basic filter.
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3. At each iteration of (89) and (90) fort =T—-1,T-2,...,1, we collapse
the M x M elements of the matrices £§‘|7Tk ) and Pt(ka Y into M weighted
avarages, by taking weighted avarages over the state variable S; 1 :

M

o (J:k)
i = D wirkir

k=1
' _ (k) CHINPY (4:k)
P, = ZwﬂT{PJT (€ — € E - €5}

where

jk PI'(St = j, St_|_1 = k|FT>

Wt = Pr(S; = j|Fr)

4. By taking a weighted average over the M Markov-regime at t/me t
the smoothed value is computed as &, = Z Pr(S: = j|Fr)€/ [T
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(6) Markov switching SV model

Consider the following Markov switching stochastic volatility model:

Yt = O¢&Eey  Ex N(Oa 1)7 (91)
he = co, + A1+ G, G~ N(0,02). (92)

The discrete state variable s; is assumed to be a first-order Markov
process with the transition probabilities

Pr(s; = 0|s;—1 = 0) = poo, Pr(s; =0|s¢—1 =1) =1 —p11,

Pr(s; = 1|st—1 = 0) = 1 — poo, Pr(s; = 1|s¢—1 = 1) = p11.
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Taking the square and the logarithm, Equation () can be rewritten as:

In(y?) = he + In(3).

We then represent the model as follows:

In(y?) = hy — 1.2704 4+ u;,  w; ~ N(0,7%/2),
h = cs, + A1+ G, G~ N(O, 0?),
stlsi—1, Fr—1 ~ Markov(P),

p—
1 —poo  pu1

oo 1— ZP11]
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The parameter estimates are reported as follows:

Coef.Est Std.Err t-value t-prob

pll ©.993794 ©.000697 1433.3840978 0.000000

p22 8.997625 0.801342 743.540344 0.e00000

nul 9.0085172 0.006971 @.741902 0.458175

nu2 ©.135578 9.825345 5.348979 0.000000

phi 9.906501 0.016639 54.480587 @.000000

sigma 8.341337 8.838876 11.855149 0.a00000

Log likelihood = -13571.1

Akaika Information Criterion = 4.42468
Schwartz Bayesian Criterion = 4.43125
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4 Mixed-Frequency Models and Applications

e Mariano and Murasawa (2003): A new coincident index of business
cycles based on monthly and quarterly series. Journal of Applied
Econometrics, 18, 427 - 443.

o MHEE . TF (2013): A [E A 5T H HH I VE A= I B A2 SERF A, (&8
A ) 361, 58-70.

e Mariano and Murasawa (2010): A Coincident Index, Common
Factors, and Monthly Real GDP, Oxford Bulletin of Economics and
Statistics, 72(1), 27-46.

Chapter Six State-Space Models (€©) 2026 Tingguo Zheng 92



4.1 Mixed-frequency dynamic factor model

o {Y1.}2_ . an Nj-variate random sequence of quarterly indicators
observable every third period; {Y>:};2_.: an Ns-variate random
sequence of monthly indicators;

o N = N;+ Noy;

e Assume that logs of the indicators are integrated of order 1;

e Let Y7 ; be the geometric mean of Y7*;, Y, ,, and Y7*, o, l.e,
InY;, — %(m Y, + Yy, + Yy, )

where {Y7",}2__.: an Nj-variate latent random sequence such that
for all ¢,
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e Taking the three-period differences, for all ,

y1.=InY1,—InYy ;3
1 1

— §(1n Yi', —1In Yf:t_g) =+ g(ln Y1 —1In Ylﬁ:t—ﬁl)
1 N %
+ (Y7, —In ¥y, ;)
1 * * * 1 * * *
= §(yl,t T Y1t Y —2) T §(yl,t—1 U2 Y18
1 * sk *
+ g(y1,t—2 T Y3t yl,t—4)
=Yt T Y1e—1 T Y1e—2 T QY14—3 T QY14—4 (93)
3 3 3 3

where y1; = AzlnY;;and y7 , = AlnY7",.

e y1¢ IS Observed every third period, but y7 , Is unobserved.
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Now build the dynamic factor model for y7, and y>;, which are in the
same frequency. The model is given by

[y t] + Bft + ug, (94)
Y2t
¢f(L)fr = vi, (95)
Dy (L)ur = va g, (96)
a2 0
[ ] NID <o ! ) . (97)
Vo ¢ 0 2o

For identification, assume that: (i) the first component of 5 is 1; (ii) ®,,(-)
and 5, is diagonal.

Chapter Six State-Space Models (€©) 2026 Tingguo Zheng 95



Since we never observe yi,, we cannot estimate the above model
directly.

Hence we consider the corresponding dynamic one-factor model for
{y:}>2___ such that for all ¢,

Y|
Ya.t

b1 (%ft T %ft—l + fi—2+ %ft—S + %ft—él)
Ba ft
1

2 2 1 i
lgul,t T JULt—1 T U ¢t—2 T 53U t—3 + 53U t—4

M1
M2

_|_

U2 ¢

where p1 = 3u3, (81, 63) = B, and (uj 4, u5,)" = us.
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4.2 Mixed-frequency Markov switching dynamic factor model

By including regime switching dynamics in the intercept, we have
Y1t _
Y2t

¢¢(L)fr =v(St) + v1 g,
(I)u(L)Ut — V2.t

51 (%ft T %ft—l + fi—2 + %ft—?) + %ft—zl)
Bafi

1 2 2 1
[3U1,t T JULt—1 T UL ¢t—2 + UL ¢t—3 T+ UL t—4

M1
M2

_|_

U2 ¢

S¢|St—1 ~ Markov(P),
U1t o 0
t = NID | 0. |

V2t

0 Xoo
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Example 3. Using the data in Mariano and Murasawa (2003).

Strong convergence using analytical derivatives
Log-likelihood value = -1273.59

Coef.Est Std.Err t-value t-prob
pll @.856730 2.068624 12.4843453 @.ooooee
p22 @.977691 0.209861 107.904145 0.000000
beta2 @.588289 8.839172 12.973795 ©.00000e0
beta3 @.817620 0.862672 13.846035 0.000000
betad 2.154980 8.136030 15.841397 0.0600000
betas 1.755300 ©.120708 14.541699 0.000000
nul -8.361690 9.866312  -5.454362 ©.000000
nu2 8.857276 9.015802 3.624598 0.080320
phi_f1 @.334640 0.060543 5.526812 0.000000
sig_f @.2449097 ©.818122 13.514373 0.000000
phi_u_11 -8.821450 ©.199619 -4,115092 0.080046
phi_u_12 8.0346638 8.253728 8.136634 8.891378
phi_u_21 0.094243 0.0845642 2.892351 9.836934
phi_u_22 @.448270 ©.85e138 8.948794 ©.000000
phi_u_31 -@.855209 9.851342  -1.075326 8.282771
phi_u_32 8.832623 8.851215 @.6369387 8.524439
phi_u_41 -@.825256 ©.864229 -0.393216 ©.694335
phi_u_42 -9.858011 ©.060438 -9.959844 8.337619
phi_u_51 -@.486940 ©.849169 -8.276412 ©.000000
phi_u_52 -8.1927080 @.e47797 -4.831632 @.00e0064
sig u_ 1 2.494360 9.891277 5.416042 0.000000
sig u_2 8.130292 ©.086423 20.285157 ©.000000
sig u_ 3 @.296111 ©.@18835  27.328795 ©.000000
sig u_4 @.58541e 8.823909 21.138977 @.0a0000
sig u_5 @.783600 9.827914  28.@71702 0.000000
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Example 4. Large dynamic factor models, forecasting, and
nowcasting

Seehttps://gist.github.com/ChadFulton/a%9172cd6£41947333f47
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https://gist.github.com/ChadFulton/a9172cd6f41947333f47bd4842832619

5 Nonlinear and non-Gaussian state space models

e Reference:

— Cappé, O., Godsill, S. J., and Moulines, E., (2007), An overview of
existing methods and recent advances in sequential Monte Carlo,
IEEE Proc., 95, 899 - 924.

e Outline:

— Nonlinear and non-Gaussian state space models
— Importance sampling and resampling
— Sequential Monte Carlo filters
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5.1 The Nonlinear and Non-Gaussian SS Models

A statistical model generates the observed data, a vector y;, and the
conditional distribution of y; depends on a latent state variable, x;. See
the Figure.

Figure 2 The State-Space (The Hidden states given by the vector x, and the
observation states given by the vector y).
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Formally, the data is generated by the following state space model

Observation equation: vy = f(xe,e]) = plyelay) (98)
State equation: vy = g(xri_1,67) =  plxelre_q1), (99)
where ¢/ is the observation error or “noise”, and 7 is the state shock.

The observation equation is often written as a conditional likelihood,
p(y:|z¢), and the state evolution as p(z:|z:—1).

For simplicity, we ignore the static parameters 6 in these distributions.
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Our interest is mainly in p(z¢|yo.¢), where yo.t = (Yo, Y1, - - -, Yt)-

Beginning with the Kalman filter, computing p(z:|yo.:) uses a two-step
procedure: prediction and Bayesian updating.

e Prediction

p($t|3/0:t—1) = /p($t|$t—1)p($t—1\?Jo:t—l)dwt—l,

e Updating by Bayes rule

o p(xta yt\yozt—l) B p(yt\ﬁvt)p(fﬂt|y0:t—1)
2l o) = pWelyo:e—1) [ pelre)p(aelyo:s—1)day
Posterior ' '

x p(yi|we) plas \gg:t_lz-

Likeﬁﬂood Prior
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We now need the computation of the two integrals.

e Only for a limited number of settings such as linear Gaussian model,
p(x¢|yo..—1) and p(x¢|yo.:) are Gaussian. In this case, the Kalman filter
recursion is often used to get the mean and variance of p(x:|yo.¢)-

e However, in nonlinear and non-Gaussian models, it is not possible to
analytically compute p(x:|yo.¢) since it is a complicated function of y..
Simulation methods are typically required to characterize p(x;|yo.¢).
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5.2 Importance Sampling and Resampling

In the Monte Carlo method, we are concerned with estimating the
properties of some highly complex probability distribution p, for example
computing expectations of the form:

where h(-) is some useful function for estimation, for example h(z) = .
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Sample from p

When the integral cannot be achieved analytically, we can generate
random samples (called as particles) from p, denote these {z(V}; ;< n,
and then approximate the distribution p by point masses so that

1N
h ~ N;lh(a: ).

Clearly N needs to be large in order to give a good coverage of all
regions of interest.
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Sample from ¢

When we cannot sample directly from the distribution p, we can sample
from another distribution ¢ (the importance distribution, or instrumental
distribution). This is also called as the importance sampling.

Make N random draws (particles) (9, i = 1,..., N from ¢ instead of p.
Consequently, h can be estimated using a weighted average:

h = T M T)axr = T)r\x X )ax
= [ @ Sa@)da = [ h@r@a)a
N e ;
:j:1 Zj\le w(j)h(aj( ))7

where w9 = r(z®) = p(z®)/q(z?) is termed the unnormalised
importance weight.
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Definition: A sample (z), @), j = 1,..., N is said to be properly
weighted with respect to distribution p if for all integrable function h, we
have

N

2.

N _ .
j=1 D e W

)

h(zW) = E [n(X)  as N — oo.
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Sampling importance resampling (SIR)

In the first stage of importance sampling, an i.i.d. sample
(zW), ..., ) is drawn from the importance distribution ¢, and one
computes the normalised version of the importance weights,

. 7(%)
wh = ———— i=1,..., M (100)
S
In the resampling stage, a sample of size N denoted by (1), ... (V) is
drawn from the intermediate set of points (1, ..., (™), taking proper

account of the weights computed in (100).

This principle is illustrated in Figure 3.
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TARGET

Resampled particles

Figure 3 Principle of resampling. (M = N = 6)
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e The particle approximation can be transformed into an equally
weighted random sample from p(x) by resampling from the discrete
distribution, {z/), W} .

e This procedure produces a new sample with uniformly distributed
weights, w'’) = 1/N.

e Resampling can be done in many ways, but the simplest is
multinomial sampling. Other methods include stratified sampling,
residual resampling, and systematic resampling.
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5.3 Sequential Monte Carlo methods

Starting with the initial, or ‘prior’, distribution p(x), the (on-line) posterior
density p(xo.+|yo-+) can be obtained recursively:

e Prediction

p(a:():t ‘?JO:t—l) — p(CUO:t—l \yozt—l)p($t|$t—1) (1 01 )

e Correction (or updating)

p(yt|xt)p(x0:t ’yO:t—l)
E(yt ’yO:t—l)

T Ti|Tp—
:p(yt| £)P(T¢| 2 1)p(xo;t_1|yo;t—1)- (102)
C(Ye|yo:t—1)

p('xO:t ‘y():t) —
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We would like to sample from p(xo.¢|yo.¢); Since it is generally impossible
to sample directly from this distribution, we resort to a sequential version
of the importance sampling and resampling procedure.

Conceptually, we :z;g‘% ¢ = 1,...,N, from a convenient importance
distribution ¢(zo.t|yo.t), and compute the unnormalised importance
weights
g — PGl
a(Z5lyor)

: - (4)
We can get the normalised weights with wt” = % Consequently,
P(T0:¢|Yo:t) Z’wt 0 (z) (0:¢), (103)

where §(-) is a dirac function.
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To achieve the importance distribution we construct the proposal such
that it factorises in a form similar to that of the target posterior
distribution:

Keep exiJs\ting path extenjq path
C](%:t\yo:t) — z](5130:75—1@0:75—15 X z](51575|515’t—1, yJ.

The unnormalised importance weights then take the following form

~(7) (7)1 ~(2)
(i (ZU \yo t) i P( \w ) ( \x )

q(Z5) | yo-r) ¢33, 1)

(104)

In the sequential Monte Carlo literature, the multiplicative update factor

on the right-hand side of (104) is often called the incremental weight.
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(1) SIS/SIR algorithm

The sequential importance sampling (SIS) algorithm is summarized as
follows:
Algorithm 3 (Sequential Importance Sampling (SIS)).

1. At initial time t = 0,

(a) Sample 7\ ~ q(zq), fori=1,...,N.
(b) Compute the importance We/ghts fw( D =gl SN @Y, where

_ ~(2)y, ¢~ (%)
) = POt PE0) oy,
q(zy")
2.Fort=1,...,T,
(a) For i = 1,...,N, propagate particles: x,ﬁz) ~ (azt|xt>1,yt)
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compute weights:

() _ () p(ye| 2\ p(E"|250,)
Wy

t—1
g @B | ye)

(b) Normalise weights: wgi) = ~(7’>/ Z,L ) ~<Z, i = 1,...,N,
compute filtering estimate (on-line filtered estimate): h, =
Zivﬂ‘%g)h( (Z))-

The problem in SIS is that the algorithm is degenerate. It is known that
the variance of the weights increases at every step. This means that we
will always converge to a single non-zero weight w* = 1 for some i and
the rest being zero.

Resampling strategy is commonly used to avoid the problem of
degeneracy of the algorithm.
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The sampling importance resampling (SIR) algorithm can be
summarized as follows:
Algorithm 4 (Sampling Importance Resampling (SIR)).

1. At initial time t = 0.

(a) Sample 7\ ~ q(xq), fori =1, ... N
(b) Compute importance weights w” = @{" /) SN w”, where

) _ p(yo\féz))p(féz))
() —

q(z5)

, fori=1,... N.

(c) Resample N particles {ié”}fil with weights {@02')}7{\;1 to obtain the
new particles {z\",1/N}¥

2.Fort=1,...,T,
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(a) For i = 1,...,N, propagate particles: x,(f) ~ q(azt|:c§"21,yt),

compute weights:

(1) _ () p(yt|a: ) (z (Z)|331(Q1)
Wy Wy 1 @) :
( |:Et 17yt)

(b) Normalise weights: w ~(Z) / ZZ . zbf ,i1=1,...,N, compute
filtering estimate (on-l/ne f/ltered estimate): h; = ZN w0l (7).

(c) Resample N particles {:c } ', with weights {w } ' , to obtain the
new particles {z\", 1/N}Y ,
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Effective sample size (ESS)

An important technique for resampling and rejuvenating a sequential
importance sampler is the effective sample size (ESS), which is a useful
metric to determine whether resampling is necessary.

Define the coefficients of variation of the importance weights as cv? =

(2)
Y;;Ewgi);, Liu and Chen (1995) and Liu (1996) propose tracking the ESS
Wy
N
Neff,t — TCU?

which varies between 1 (N copies of a single particle) and N (equal
weights).

If the ESS is large, say, Nei: > aoN (0 < a9 < 1), resampling is
undesirable since the pdf over the trajectories is well represented.
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Replace Step 2(c) in SIR with the following step

(c) If resampling when N.¢¢: < agN, select N particle indices j; €
{1,..., N} according to weights {w!”},<;<n, and set z\") = 2" and

w? =1/N,i=1,...,N;otherwise, set 2" = ", i =1,...,N.
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(2) The bootstrap filter

The bootstrap filter is proposed by Gordon, Salmond, and Smith (1993)

e [t uses the state transition density or “prior kernel” as importance
distribution, i.e., q(x¢|xi—1, y:) = p(xe|xi_1).

e The importance weight then simplifies to

w oc w ply|i?),

e In the original version of the algorithm, resampling is carried out at
each and every time step, in which case the term wf’_)l = 1/N is a
constant, which may thus be ignored.
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The bootstrap filter can be summarized as follows:
Algorithm 5 (The bootstrap filter).

1. At initial time t = 0.

(a) Sample x(() — x(()) ~ p(xo) with associated weights wé’i) =1/N.

2.Fort=1,...,T,

(a) Fori = 1,..., N, propagate particles: az() p(:ct|:z;§i_>1), compute
weights:
~(Z) = p(ys |37t )
(b) Normalise weights: w e S @Y, i =1,...,N, compute

filtering estimate (on- l/ne f/ltered est/mate) hy = Z,fv . wf“)ht( <7’>).

(c) Resample according to weights {w!"}1<i<n, and set z!" = &)

andw? =1/N,i=1,...,N.
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(3) Auxiliary sampling

The auxiliary particle filter (APF) of Pitt and Shephard (1999, 2001) is
a popular algorithm that is simple to implement and works well in many

cases. They approximate the incremental target distribution in (102

with the importance distribution

P(ye|re)p(Te|Ti—1) = 91(ye|Te)g2(Te|T0—1)

— gl(yt|$t—1)92($t|$t—1> yt) (105)

The proposal distribution in (1035)) is decomposed into two parts implying
that the sampling of new values {xti)},{il from this distribution can

potentially be performed in two steps.
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The APF is given as follows:
Algorithm 6 (Auxiliary Particle Filter (APF)).
1. At initial time t = 0.

(a) Sample :’158” ~ ga(xg), fori =1,...  N.
(b) Compute importance weights w” = w\" /SN @\, where

p(yol 2 )p(E5)

! = 5 . fori=1,...,N.
92(Zp ")
(c) Resample if necessatry.
2.Fort=1,....T,
(a) Fori=1,...,N, compute 1., = g1(:|7\",) and normalize v\, =
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=0

ZN , t(J)l
(b) Sélect N particle indices j; € {1,...,N} according to weights

(W AN . Fori=1,...,N, setz )1 — 7Y and set first stage

weights
(0 (jz')

U = —.
t—1 — ,U(Ji)
t—1

(c)For i = 1,...,N, propagate particles: x§> ~ gg(.rt|x§i_>1,yt),

compute weights:

o @ pwlE)p <~<”|x§21>  plydE @ 2,)
We o = U (3) - G ~(); () '
92(5575 |5’7t 17%) ( ‘55' )92(33t ‘xt—lvyt)
(d) Normalise weights: w N(” / Z,& . u?f ,i1=1,..., N, compute

filtering estimate (on-l/ne f/ltered estimate): hy = >N why(z).

1

Chapter Six State-Space Models (€©) 2026 Tingguo Zheng 126



6 Score-Driven Models

6.1 Basic GAS model

Let {y;} be a time series and F/; = {y:,y:—1,...} be available
information up to ¢. Creal et al. (2013) proposed the framework
of Generalized Autoregressive Score Models (GAS) under a general
conditional distribution p(y; | F;—1), which can be parameterized as

Yt | Feo1~ p(yt ‘ ft79>7 (106)

e f, is the time-varying parameter of interest which fully characterizes
p(-) and only depends on F;_;

e 0 is a collection of static additional parameters.
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Furthermore, the time-varying parameter f; is assumed to follow the
familiar autoregressive updating equation

p q
ft—|—1 = W + Z Ajft—j—|—1 + Z Bjst—j—l—la (107)
J=1 J=1

where w is a vector of constants, A, and B; are coefficient matrices. In

107/)), s; is a vector which is proportional to the score of (106):

St — StVt (108)

where S, is a positive definite scaling matrix known at time ¢ and

Vi o/,

Is the score of (10/) evaluated at f;.
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Creal et al. (2013) suggest to set the scaling matrix S; to a power v > 0
of the inverse of the information matrix of f; to account for the variance
of V;. More precisely:

St — It_’y and I; = F; 4 [VtV;] (1 1 O)

where the expectation is taken with respect to the conditional distribution
of y; given F;_.

e The additional parameter ~ is fixed by the user and usually takes
values 0, 1/2 or 1.

e When v =0, S; = I and there is no scaling.

olf v =1 (v = 1/2), the conditional score V, is premultiplied by the
inverse of (the square root of) its covariance matrix 1.
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6.2 Special cases of GAS models

(1) Regression model:
yr = TyBt—1+ €1, €1 ~ N(0,0%),

where z; is a k x 1 vector x; of exogenous variables, 5;_1isa k x 1
vector of time-varying regression coefficients.

Let f, = ;. The scaled score function based on S, = I, ! is given by

sp = (2hwe) "y (ye — wpfro1) = (wpae) " e

The GAS(1,1) specification for the time-varying regression coefficient is

ft =w+ Aost + Bifi—1 (111)
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In case z; = 1, the above equation for the time-varying intercept
reduces to the EWMA recursion by setting w = 0 and B; = 1, i.e.

ft = fe—1 + Ao(ye — fr—1).

In this case, we obtain the observation driven analogue of the local level
(parameter driven) model,

Yt = Ut—1 T Et, Ut = Mt—1 + M,

see Durbin and Koopman (2001, Chapter 2).
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(2) Unobserved component models

Consider a two component decomposition of a time series {y;}. Let
fr = (f11, fo¢) be the vector of decomposed components.

For this decomposition we obtain the GAS(1,2) model with observation
model

Yt = fl,t—l + f2,t—1 + &, €~ N<07 02)7

The updating equation is specified as

0 0 0
t—1 1 t—2.
¢1]f1 [O %]m

The scaled score function is given by

St = Yt — fl,t—l — f2,t—1 = &¢
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This GAS decomposition can be regarded as the observation driven
equivalent of the UC models of Watson (1986) and Clark (1989), who
also aim to decompose macroeconomic time series into trend and cycle
factors.

The UC trend-cycle decomposition model is then given by

Y = f1.e + for
fit=w+ fir—1+ai&iy, &0~ N(0,1),

for = d1fo1-1+ dafor—o+ aslay, &Eap~ N(0,1),

where the disturbances ¢, and &, are mutually and serially
independent.
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Example 5. Trend-cycle illustration: estimated cycles from the GAS and UC trend-
cycle models based on quarterly log of U.S. real gdp from 1947(1) through 2008(1).

- — (i) GAS cycle - UC cycle

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\‘7’\\\\\\\\\\\\\\\\\\\\\\\\\\
1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005
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More GAS models with Python examples are released in

Search docs

Getting Started with Time Series
ARIMA models

ARIMAX models

DAR models

Dynamic Linear regression models

Beta-t-EGARCH models
Beta-t-EGARCH in-mean models

Beta-t-EGARCH in-mean regression
models

Beta-t-EGARCH long memory models
Beta Skew-t GARCH models

Beta Skew-t in-mean GARCH models
GARCH models
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Introduction
Example

Class Description

References

GAS local level models
GAS local linear trend models

https://pyflux.readthedocs.io/en/latest/gas.html.
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GAS models

Introduction

Generalized Autoregressive Score (GAS) models are a recent class of observation-driven time-series
model for non-normal data, introduced by Creal et al. (2013) and Harvey (2013). For a conditional
observation density p (yt | mt) with an observation ¥ and a latent time-varying parameter x4, we
assume the parameter x; follows the recursion:

- ! dlogp (% | z¢;)
b :M+Z¢i$tﬂ' +Zajs($jfl) ! !
= =]

Bsct_j

For example, for a Poisson distribution density, where the default scaling is exp(mj), the time-
varying parameter follows:

n+2¢m 1+Zaj( ) 5 1)

exp(z;;

These types of model can be viewed as approximations to parameter-driven state space models,
and are often competitive in predictive performance. See GAS State Space models for a more
general class of models that extend beyond the simple autoregressive form. The simple GAS models
considered here in this notebook can be viewed as an approximation to non-linear ARIMA
processes.

Chapter Six

State-Space Models (©) 2026 Tingguo Zheng

135


https://pyflux.readthedocs.io/en/latest/gas.html

