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1. Cointegration

1.1 Spurious Regression

e If some or all of the variables in a regression are [(1) then the usual
statistical results may or may not hold.

e One important case is spurious regression when all the regressors
are (1) and not cointegrated.

Let y; = (Y14, ---,yne) denote an (n x 1) vector of [(1) time series that
are not cointegrated.
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Write y; = (y11, y5;)', and consider regressing of y1: on yo; giving
Y1t = Boya2t + U
Since y1; is not cointegrated with yo,

e True value of 35 is zero;

e The above is a spurious regression and 4, ~ I(1).
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Example 1 (Spurious regression). Consider regressing y; on the completely
unrelated series z; where

_ y _ x
Yt = Qy T Yp—1 T €, Tt = Qg+ Tr—1+ €.

The OLS estimator is

Y@y _ S (0t + 375 € + @o) (ot + i € + o)
> > (et + 34y €f + x0)?

As T gets large, the terms in ¢* will dominate all other terms. Re-writing this as

//B\:

% Zle(ozxt + 22:1 €x T o) (ayt + 22:1 €k T %)
% Zle(am‘t + 22:1 €, + ®o)?

B =

Y

then all of the terms that are not of the form % S/, 2 will go to zero.

This means that as T' gets large
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Therefore,

e The OLS estimator will tend towards the ratio of the two drift terms.

e In addition, the ¢ statistics,

: B S 1 2 1/2
t-ratio = — =fBo () x;)'" — oo
std(B) ; t

as T' — oo, will generally indicate that there is a highly statistically significant
relationship.
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The following results about the behavior of 32 in the spurious regression
are due to Phillips (1986):

e 3, does not converge in probability to zero but instead converges in
distribution to a non-normal random variable not necessarily centered
at zero. This is the spurious regression phenomenon.

e The usual OLS t-statistics for testing that the elements of 3, are zero
diverge to +oo as'T' — oo. Hence, with a large enough sample it will
appear that y; is cointegrated when it is not if the usual asymptotic
normal inference is used.

e The usual R? from the regression converges to unity as T — oo SO
that the model will appear to fit well even though it is misspecified.
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1.2 Cointegration

Definition 1. If there exists a linear combination of the series that is
of integration order lower than that of the series with higher integration
order, the two series are cointegrated.

In the bivariate example, if both z; and y, are |(1), but there exists a 3
such that y; — Sz is 1(0), then z; and y; are cointegrated, and (1, —3) is
the cointegrating vector.

Definition 2 (Cointegration). More generally, the elements of the n-
dimensional vector y; are cointegrated of order (d,b), denoted with
CI(d,b), if

e Allvariables iny, are I(d),

e There exists a vector 3 # 0 such that B'y; is I(d —b), withb > 0.
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Let y;: = (y1s, - - -, yYnt) denote an (n x 1) vector of (1) time series. y; is
cointegrated if there exists an (n x 1) vector 3 = (31, ..., 8,)’ such that

B'y: = Biyre + - + Buyns ~ 1(0).

In words, the nonstationary I(1) time series in y, are cointegrated if
there is a linear combination of them that is stationary or 7(0).

e The linear combination 3'y; is often motivated by economic theory
and referred to as a long-run equilibrium relationship.

e Intuition: I(1) time series with a long-run equilibrium relationship
cannot drift too far apart from the equilibrium because economic
forces will act to restore the equilibrium relationship.

That is, w; = B'y; is mean-reverting.
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1.3 Superconsistency

In the case of cointegration, it turns out that OLS estimates of 3 are

consistent. Moreover, this property is known as superconsistency.
Example 2. Consider again the case where z; is a unit root with drift

Ty = 0z + Ti1 + €,
but in this case the variable y; is cointegrated with x; so that
Yyt = Bry + uy,
where wu, is mean-zero |(0) series.

We can calculate the properties of the OLS estimator as follows:

Zle LUt

T
Zt:l CE%

E?:l(awt + 22:1 ei + LEo)ut

— 5 +
S (aut + S0 €8+ x0)?

B=pB+
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In this case, the terms in t* will dominate as T — oo so that the denominator of the
last term will grow faster than the numerator. This means that E =N G.

Now multiply both sides of by T" but do this to the right hand side by dividing the
numerator by T2 and the denominator by T°:

~ ﬁ Z?:l(axt + ZZ:l €, + To)ur o
T(B-8) =" s ;0
78 2= (Qat + 2 4y € + 2o)

The numerator converges to zero (the sum # Zle ot — S but is multiplied by an
2
uncorrelated mean zero series wu;) while the denominator converges to %ﬁc

We have seen cases before where B — [ converges in distribution to a mean zero
series when multiplied by /7. In this case, the gap between the estimator and the
true value converges in probability to zero even when multiplied by T°. This property is
known as superconsistency.
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1.4 Normalization

The cointegration vector 3 is not unique since for any scalar c

c- By = By ~ I1(0).

Hence, some normalization assumption is required to uniquely identify
3. A typical normalization is

B=(1,—-B2....—Bn)

so that

/B/yt = Y1t — Bayot — - — BnlYnt ~ I(O)
or

Y1t = Boyar + ... + Bnyne +ur, up ~ I(0) is the cointegrating residual.

Chapter Six Cointegration Analysis © 2026 Tingguo Zheng 13



1.5 Error correction model (ECM)

Theorem 1 (Granger representation theorem (Granger, 1983, Engle
and Granger, 1987)). If the variables in Y are cointegrated, then they
can be represented as an ECM: And, vice versa, if Y has an ECM
representation, then the variables in'Y are cointegrated.

In a simple bivariate case, consider the ADL(1,1) (autoregressive
distributed lag) model

Yr = oo + 1Ye—1 + Boxs + B1Ti—1 + Uy

and its ECM representation

Bo + B

1—0&1

Ayt = Qo+ 50A513t + (041 — 1) (yt_1 — CUt—1> + Uy,

where the short-run and long-run features are modelled separately.
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Note also that the ECM can be rewritten as

o  Po+t 51%_1)

1—041 1—041

Ay; = BoAxy + (a1 — 1) (yt—l -
= BoAxs + (a1 — 1) (ye—1 — yi_1) + us,

expressing the change in y as a function of the change in x plus an
error-correction term, where (3, describes the short-run relationship and
(a; — 1) the speed of adjustment to the equilibrium.

It should be noted that the results of above ADL(1,1) model can be
extended to a general ADL(p, ¢) model

a(L)ys = ¢+ B(L)x; + uy,

where (L) =1— oy L —---—ap,LP and B(L) = Bo + f1L + - - - + B, LY.
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1.6 Engle-Granger methodology

In the bivariate case, testing for cointegration is relatively straightforward.
For the model

yr = o+ Bxy + ey, (2)

test for a cointegrating relationship by testing for a unit root in the
residuals, and use EOLS as a (super) consistent estimator of 5.

ADF-type unit root tests on the residuals are often adopted, but it
requires adjusting the critical values that stationarity is “induced” by
OLS in the first step.

If the null of integrated errors is rejected, so that the null of no-
cointegration between y; and x; is rejected, EOLS IS a super consistent
estimator of 3, i.e. T(E— B) converges to 0.
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CHAPTER 3: Autoregressive Distributed Lag Relationships 265

TABLE 8.2
Asymptotic critical values for cointegration tests

k* x Test statistic’ 1% 5% 10%
2 & -3.90 —3.34 -3.04
ct —4.32 . —3.78 -3.50
3 & ~4.29 —3.74 —3.45
ct —4.66 —4.12 —3.84
4 c —4.64 —4.10 -3.81
ct —4.97 ~4.43 —-4.15
5 C —4.96 —4.42 —4,13
ct —5.25 -4.72 —4.43
6 c =525 —4.71 —4.42
ct —5.52 —4.98 —4.70

Reprinted by permission from Russell Davidson and James G. MacKinnon, Estimation and Inference in Econometrics,
Oxford University Press, 1993, 722.

*The heading k indicates the number of variables in the estimated cointegrating equation.

The letters ¢ and cf indicate whether that equation contains a constant or a constant plus a linear time trend.

Figure 1 Engle-Granger critical Values.
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Summarizing the Engle-Granger approach:

1. Use the ADF tests to verify that individual variables are 1(1).
2. Estimate the long run relationship y; = o + Sx; 4+ ¢; by OLS.

3. Use the ADF test on the residuals from this regression to see if they
are indeed stationary. If so, we can assume that the variables are
cointegrated; if not, then we can’t make that assumption.

4.1f the null is rejected, use the residuals in the ECM model to
estimate the remaining parameters, e.g.: Ay; = BoAx; + Ver—1 + uy.
(The parameters of the ECM model can be consistently estimated)
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1.7 Multiple Cointegrating Relationships

Now suppose that we've established that several non-stationary
variables are cointegrated.

If the (n x 1) vector y; is cointegrated there may be 0 < r < n linearly
independent cointegrating vectors. For example, let n = 3 and suppose
there are » = 2 cointegrating vectors

61 — (61175127 613)/7 62 — (6217 6227523)/
Then

B1Y: = B11y1e + Bi2y2s + Bizyse ~ 1(0)

B5y: = Bary1s + Booyas + Basyse ~ 1(0)
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and the (3 x 2) matrix

B,:<ﬁi>:<ﬁn Bz 513>
/8,2 521 622 523

forms a basis for the space of cointegrating vectors.

Remark:

e The linearly independent vectors 3; and 3, in the cointegrating basis
(3 are not unique unless some normalization assumptions are made.

e Any linear combination of 8, and 3,, €.9. B3 = ¢181 + c232 where ¢;
and ¢, are constants, is also a cointegrating vector.
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2. Cointegrated VAR Models

2.1 Vector error-correction representation

Consider a n-dimensional VAR(p) time series y; with possible time trend
Yo = e + Py 1+ + Py + €, (3)

where p = po + pit. Write ®(B) =1 — ®,B —--- — &,B".

e If all roots of |®(z)| = 0 are outside the unit circle, then y; is unit-root
stationary, i.e., y; is a vector of 1(0) series.

o If |®(1)| =0, i.e., z=1is aroot, then y, is unit-root nonstationary.

e For simplicity, we usually assume that all variables in y; is an I(1)
process.
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An error-correction model (ECM) for the VAR(p) process y; is
Ay, = py + Ty, 1 + PTAY; 1+ + PJAY, 11 + &, (4)

where

e We refer to the term Ily;_, as the error-correction term.
e The matrices ®; can be recovered from the ECM representation via
b, =1+11+P], P, =P — P i=2,...,p,

1—1»

where ¢ =0, the zero matrix.
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Advantages over VAR

Again
Ay = py + Ty, 1 + PTAY; 1+ + PJAY 11 + &, (&
e Combines levels and differences.

e Gives more intuitive explanation of data, as effects categorised into
long-run and short-run.

e All long-run information confined to IT matrix, so can focus on that.

e &7 matrices capture short-run dynamics of the data.
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The rank of I1

Again

M=af' =-®(1)=®,+P, 1+ ---+P; — I
If y, contains unit roots (z = 1), then |®(1)| = 0 so that IT = —®(1) is
singular.

Therefore, three cases are of interest in considering the ECM:

1. Rank(IT) = 0 (Difference Stationary).
This implies (1) = 0 and y; is not cointegrated. The ECM of Eq. (4)
reduces to

Ay = pr + PTAY 1 + - + ‘I’;Ayt—pﬂ + €4,

so that Ay, follows a VAR(p — 1) model with deterministic trend ;.
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2. Rank(IT) = n (full rank) (Stationary).
This implies that |®(1)| # 0 and y; contains no unit roots; that is, y; is
1(0). The ECM model is not informative and one studies y; directly.

3. 0 < Rank(IT) = m < n (Cointegration). In this case, one can write II
as
II=af, (5)
where o and 3 are n x m matrices with Rank(ar) = Rank(8) = m.
The ECM of Eq. (4) becomes

Ay, = p +afB'y 1+ PTAYy 1+ + P AY, 11+ (6)

This means that y, is cointegrated with m linearly independent
cointegrating vectors, w; = B'y; ~ 1(0), and has n — m unit roots
that give n — m common stochastic trends of y;.
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Common stochastic trends - cointegrated with Rank(IT) = m

e A simple way to obtain a presentation of the n — m common trends is
to obtain an orthogonal complement matrix ., of «; that is, ;| is a
n X (n —m) matrix such that o/, « = 0, and use

/
Ct = & Yz.

e Premultiply the ECM by o', and use Il = ag’, we see that there
would be no error-correction term in the resulting equation, that is,

o | Ay =ao p+ o PTAY, 1+ -+ o PrAY, 11+ gy

e Consequently, the (n — m)-dimensional series ¢; should have n — m
unit roots. (Recall that Ay; = n; = ¢~ (L)ey)
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Normalization and constraints

The factorization IT = «@’ is not unique, because for any m x m
orthogonal matrix € satisfying Q" = I, we have

af = aQ'F = (a)(BN) = a.G..
Additional constraints are needed to uniquely identify o and 3.

e It is common to require that 3" = [I,,,, B3], where I, is the m x m identity matrix

and By isa (n — m) X m matrix.

e In practice, this may require reordering of the elements of y; such that the first m

components all have a unit root.

e The elements of a and 3 must also satisfy other constraints for the process w; =
B’y to be unit-root stationary.
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Example 3. Consider the case of a bivariate VAR(1) model with one
cointegrating vector. Here n = 2, m = 1, and the ECM is

03]
Ay, = py +

] [ 1 B }yt—1‘|‘€t-

(07%)

Premultiplying the prior equation by 3’ = [1 ], using w;_; = B’y s,
and moving w;_; to the right-hand side of the equation, we obtain

By —yi—1) = we — w1 = B + (a1 + aofr)wi—1 + B'ey

— W = IB/Mt + (1 + aq + 04251)1015—1 + N,

where n;, = (3’e;. This implies that w; is a stationary AR(1) process.
Consequently, «; and 5; must satisfy the stationarity constraint |1+ a; +
()4251‘ < 1.
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3. Discussion of a Simple Model

3.1 Granger representation or MA representation

Consider a cointegrated VAR model with no lagged differences:
Ay, = af'y;—1 + €. (7)

e Stationary representation: Multiplying 3’ from the left to model (7)), we obtain

,B/Ayt = ,3/04,3/%—1 + ,3/815

By =T+ Ba)Byi_1+ Be

By => (I+Ba)Be-
1=0

B'y; ~ I(0), if eigenvalues of (I + B'a) within unit circle.
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e Random walk representation: Multiplying o', from the left to model (7),
alAyt = ala,B/yt_l + alst = alet

t
/ o /
Y = o E €; + | Yo.
i=0

e Granger representation: Combine two representations mentioned before, use

I=p3.(c\B1) "a +aBa)'g,

we have
Yy — BL(alBL>_10ﬂl’yt + a(ﬁ'a)_lﬁlyt

t o0
= B.(a B1) <al D et alyo> +a(Ba)” (Z(I + B'a)iﬁ’sm)
1=0

1=0

t oo
=C) ei+)» Ciei+ A
1=0 1=0
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t o0
Y = CZei+ZC;‘st_i+A
i=0 i=0

where C = 3, (&, B1) ', CFf = a(Bf'a) (I + F'a)'@, and A is
initial values.

— This formula is called as Granger representation (Johansen, 1995),
or moving average representation for cointegrated VAR.

— The cointegrated VAR can be split into random walk component
(CY_, &), a stationary component (3.°° Cie;_;), and initial
values, A.

— So shocks to system can have both permanent effect and a

transitory effect.

— Random walk parts, o/, y;, are stochastic/common trends.
— Stationary parts, 3'y;, are cointegrating relations.
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Impulse response function

The Granger representation enables the impulse response analysis

3yt+h
v, = = -

e The impulse response function tend to C, i.e. ¥, — C, as the
coefficient C'¥ — 0 is on the stationary component.

e Hence permanent and transitory effect of impulse to the system,
corresponding to the random walk and stationary parts of the process.
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3.2 Deterministic Terms

Ay = afB'yi—1 + po + € (8)

e Granger representation:

t o0

Yy =C Z(si + po) + Z Cr(er—i + po) +A
1=0 1=0
Tr?:rnd CorTsEant

and further -
Ayy = Cles + po) + Y CiAey

1=0
Then the equilibrium growth rate

E(Ay:) = Cpo = 7o.
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e Stationary representation: We can also transform Eq into

yr = (I +af)yi—1 + po + &

Byr= I+ B'a)B'yi—1+ B'po+ Be;

oo

By = Z(I +B8'a)B' (e + o)
1=0
Taking expectations:
E(By) =) (I+8a)Bm=—(8ca)"8 1
1=0

We write (,8/(1)_1,3/[10 = Bo.

This is expression for equilibrium mean in the cointegrated VAR

model.
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e Consider the following identity again

I=p3, (' B) " a +aBa)'g

and apply to ug, we get

po = a(B'e) " B'po + B () B)” oy o = afBo + Yo

Using this result, we can rewrite the cointegrated VAR

Ay, = po + af'yi_1 + &

as follows:
Ay — o = a(ﬁ’yt_1 + 50) + E4¢.
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4 Estimation and Cointegration Tests

4.1 Specification of the Deterministic Function

Consider the following VECM
Ay = pr+afB'yi1 + ®TAYy 1+ - + DAY pr1+ € (©6)
1. No deterministics: pu; = 0 (i.e. ug = 1 = 0):
Ay, = af'yi1 + PTAYy, 1+ + B Ay 1 + ey
In this case, all the component series of y; are I(1) without drift (no

growth in data) and the stationary series w; = G'y; has mean zero
(equilibrium term has zero mean). (Almostly impossible!)
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2. Restricted constant: p; = pug = aBg, where By = (8'a) 13 ug is an
m-dimensional nonzero constant vector. This implies that o', po = 0.

Ay = a(B'yi—1+ Bo) + PTAY; 1+ -+ + (I);_lAyt—p—l—l + &¢

so that the components of y; are (1) without drift, but w; have a
nonzero mean —3y. (Sometimes useful!)

3. Unrestricted constant: u; = pg, which is nonzero. Constant can
appear in both long-run and short-run, and the ECM becomes

Ay, =0+ a(Byi—1+Bo) + P1AYy, 1+ + ) Ay,_pi1 + &

where vo = 8. (a/, B1) '/, mo. Here the component series of y, are
I(1) with drift pg (allowing for trends in the data series) and w; may
have a nonzero mean. (Useful!)
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4. Restricted trend and unrestricted constant: u; = po+ aB1t, where 34
IS a nonzero vector. Get constant in data and trend in cointegrating
relations, the ECM becomes

Ay; = po +pit +aB'ys 1+ PTAY 1+ -+ B Ay pi1 t ey

=50+ a(B'yi—1+ Bo+ Bit) + PTAY 1+ - + P, 1AY_pt1 + &

so that the components of y; are (1) with drift g and w; has a linear
time trend related to 3:t. (Useful!)
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5. Unrestricted constant and trend: p; = o + p1t, where pg and p, are
nonzero. In this case, the ECM becomes

Ay = o + 1t + a(B'yi—1 + Bo + Bit)

+ @AY 1+ + Py AY 1 + &

where v, = BL(alQL)_lalﬂl and 81 = (B'a) '8 1.

The components of y; are I(1) and have a quadratic time trend
and w; have a linear trend. (Almostly impossible!)
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4.2 Maximum Likelihood Estimation
Suppose that the data are {y;,t =1,...,T}.

We write u; = upd;, where d; = [1,t]', and it is understood that pu,
depends on the previous specification of the previous subsection.

For a given m, which is the rank of IT, the ECM model becomes

Ay, = pdy + o'y + PTAYy 1+ - + P AY pr1t+ e, (9)

wheret =p+1,...,T.

Note that there are so many parameters and a and (B are not
identifiable.
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A key step in the estimation is to concentrate the likelihood function with
respect to the deterministic term and the stationary effects.

Consider the following two multivariate linear regressions:

Ay: =vyodt + Q1AY; 1+ -+ Qp 1 AY_p11 + Uy, (10)

Yio1 =714t + E1AY 1+ -+ Ep_1AYt_py1 + Vs (11)

Let u; and v; be the residuals of Egs. (10) and (11)), respectively. Then,

A ] A~
ut:aﬂvt+€t

and the concentrated log-likelihood is

T—p
D)

L(e, B) = C — log |X]
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Assume that 3 is known, then

AN

&(B) = SnB(B'S118)~",  X(B) = Soo — S018(8'S118)"'B'S1o

_ 1 T A ~/ _ 1 T N ~/ _ 1 T ~ A~/
where SOO = T thp—{—l UtUy, S()l = T—p Zt:p—f—l UtVy, Sll =~ T—p Zt:p—l—l V¢V,.

The maximization of L(a, 3) is now equivalent to the minimization of

/ —1
|§(IB)| — |SOO_ 501,8(,8,511,3)_1,8/510| _ ’SOOHIB (Sll - SlOSOO 501)13|
18'S11]

Here, we use the following result:

A B

I |A|-|C —B'A™'B| =|C|-|A—-BC™'B|,

where A and C' are non-singular square matrices.
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Next, compute the eigenvalues and eigenvectors of 51050_01501 with
respect to Si; (under the restriction 3'S,:8 = I,,). This amounts to
solving the eigenvalue problem

[AS11 — S10S50 So1| = 0.

Denote the eigenvalue and eigenvector pairs by (\;,e;), where \; >
Ao >---> A, and e = [eq, ..., e,] is the matrix of eigenvectors.

The wunnormalized maximum likelihood estimate (MLE) of the
cointegrating vector B is 8 = [e1,...,em], from which we can obtain
a MLE for 3 that satisfies the identifying constraint and normalization
condition. Here, we also have the following result

A

3’81085 S018 = diag(Ai, Aa, ..., A).
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We can now express the determinant of the residual covariance matrix
as:

’i(é)’ = |Sool|I — diag(f\l,&, . -,S\m)| = |Soo| H(l — i)
i=1

Denote the resulting estimate by 3. with the subscript ¢ signifying
constraints. The MLE of other parameters can then be obtained by the
multivariate linear regression

Ay, = pdi + afBLys—1 + PTAYy 1 + - + D’ AY pi1tEr

Under Gaussian innovations and the model is true, the estimates of the
$’ matrices are asymptotically normal and efficient.
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The maximized value of the likelihood function based on m cointegrating
vectors is

¢=2/(T—p) \SOO\H (1— X

max

This value is used in the maximum |Ike|lh00d ratio test for testing
Rank(IT) = m.
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4.3 Johansen Cointegration Test

For a specified deterministic term p,, we now discuss the maximum
likelihood test for testing the rank of the IT matrix in Eq. (4).

Let us consider

m —(T—-p)/2
Umax o ||Sool JJ(1 - X»]
1=1
This likelinood function implies that
@ M1 = Ao =+ = Ay = 0;
e Testing Rank(II) = m is equivalent to test A1 = --- = \,, = 0;
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Let H(m) be the null hypothesis that the rank of IT is m, i.e., Rank(II) =
m. The hypotheses of interest are

HO)C---CH(m)C---C H(n).
where

e H(0): Rank(IT) =0 orall A\; = 0fori =1,...,n, so that IT = 0 and
there is no cointegration;

e H(m): Rank(II) = m Of Apyy = -+ = A, = 0, i.e. n — m unit roots,
m cointegration relations; y; is non-stationary;

A

e H(n): Rank(IT) = nor Ay > Xy > --- > X\, # 0, i.e. no unit roots; y;
IS stationary.
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Trace test statistic

Hg : Rank(II) =m, versus H,: Rank(Il) >m

7

at most m—s H (m) H(m+1)U---UH (n)=H(n)

Johansen (1988) proposes the likelihood ratio (LR) statistic

LRy = —2In Q(H,n/Hy) = —21n[limax () /fmax(n)]
Sool(1 = A) (1= Ag) -+ (1= Ap) }

A

= (T'—p)In < < S
. {|Soo(1—)\1)(1_)‘2)"'(1_)‘m)'”(l_)\”)

=—(T—p) Y In(l-2X\)

1=m-+1

If Rank(IT) = m, then ); should be small for i > m and hence LR;.(m)
should be small. This is referred to as the trace statistic.
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Due to the presence of unit roots, the asymptotic distribution of LR, (m)
Is not chi-squared, but a function of standard Brownian motions. Thus,
critical values of LR, (m) must be obtained via simulation.
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Maximum eigenvalue test statistic

Johansen (1988) also considers a sequential procedure to determine
the number of cointegrating vectors. Specifically,

Ho : Rank(IT) =m  versus H, : Rank(Il) =m + 1.
H(m) H(m+1)

The LR test statistic, called the maximum eigenvalue statistic, is

LRyax(m)=—-2mQ(H,,/Hpni1) = —2In[lnax(m) /lmax(m + 1)]

Sool(1 = A)(1 = Ag) - (1= Aw) }
[Soo (1T —A1)(1 = A2) - (T = Am)(1 — Aput1)

A

= —(T —p)In(1 — Apg1)-

—(T—p)ln{

Chapter Six Cointegration Analysis © 2026 Tingguo Zheng 50



Again, critical values of the maximum eigenvalue statistic LR,,,.x(m) are
nonstandard and must be evaluated via simulation.
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